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The singular point analysis of third-order ordinary differential equations in the non-polynomial
class is presented. Some new third order ordinary differential equations which pass the Painlevé test,
as well as the known ones are found.
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1. Introduction

Painlevé and his school [1 – 3] studied a certain
class of second order ordinary differential equations
(ODE’s) and found fifty canonical equations whose
solutions have no movable critical points. This prop-
erty is known as the Painlevé property. Distinguished
among these fifty equations are six Painlevé equations,
PI-PVI, which are regarded as nonlinear special func-
tions.

The third order Painlevé type equations

y′′′ = F(z,y,y′,y′′), (1.1)

where F is polynomial in y and its derivatives, were
considered in [4 – 7]. Some fourth and higher order
polynomial-type equations with the Painlevé property
were investigated in [5 – 10].

The third order equation (1.1), such that F is ana-
lytic in z and rational in its other arguments, was con-
sidered in [11, 12]. [12] starts with a simplified equa-
tion. i.e. an equation which contains terms with leading
order α = −1 as z → z0 only:

y′′′ =
(

1− 1
ν

)(y′′ −2yy′2)
y′ − y2 + c1

y′y′′

y
(1.2)

+c2
(y′)3

y2 + a1yy′′ + a2(y′)2 + a3y2y′ + a4y4,

where ai = constant, i = 1,2,3,4, ν ∈ Z − {−1,0},
c j = constant, j = 1,2, c2

1 +c2
2 �= 0, and investigates the

values of ai and c j such that the equation is of Painlevé
type.
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We consider the third order differential equation

y′′′ = c1
y′y′′

y
+ c2

(y′)3

y2 + F(y, y′, y′′; z), (1.3)

where c1 and c2 are constants, such that c2
1 + c2

2 �= 0. F
may contain the leading terms, but all the terms of F
are of order ε−2 or greater if we let z = z0 +εt, where ε
is a small parameter, t is the new independent variable
and the coefficients of F are locally analytic functions
of z. The equation of type (1.3) can be obtained by
differentiating the leading terms of the third Painlevé
equation and adding the terms of order −4 or greater
as z → z0 with the analytic coefficients in z such that:
i.) y = 0, ∞ are the only singular values of the equa-
tion in y, ii.) The additional terms are of order ε −3 or
greater, if one lets z = z0 + εt.

If we let z = z0 +εt and take the limit as ε → 0, (1.3)
yields the “reduced” equation

...
y = c1

ẏÿ
y

+ c2
ẏ3

y2 , (1.4)

where ˙= d/dt. Substituting y ∼= y0(t − t0)α into (1.4)
gives

(c1 + c2 −1)α2 − (c1 −3)α −2 = 0. (1.5)

Let c1 +c2−1 �= 0 and the roots of (1.5) be α1 = n and
α2 = m such that n,m ∈ Z−{0}, then

(1−m−n)c1− (n+ m)c2 + m+ n−3 = 0, (1.6)

(n−m)2(c1 + c2 −1)2 − c1(c1 + 2)−8c2−1 = 0.
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If n+ m−1 �= 0, then

(c2 + 2)[2(1−m−n+mn)+mnc2] = 0. (1.7)

It should be noted that if c2 = −2, then c1 = 3 and
c1 + c2 −1 = 0. So we have

(c1, c2)=
( 1

mn
(3mn−2n−2m),

2
mn

(m+n−mn−1)
)

(1.8)

when n+ m−1 �= 0, c1 �= 3 and c1 + c2 −1 �= 0.
Substituting

y ∼= y0(t − t0)α + β (t − t0)r+α (1.9)

into (1.4), we obtain the equations for the Fuchs indices
in the form

r(r + 1)[mr + 2(n−m)] = 0, and

r(r + 1)[nr−2(n−m)] = 0
(1.10)

for α = n and α = m, respectively. So, the Fuchs in-
dices are,

(r0, r1, r2) =
(
−1, 0, 2− 2n

m

)
,

(r0, r1, r2) =
(
−1, 0, 2− 2m

n

) (1.11)

for α = n and α = m respectively. In order to have dis-
tinct indices, if p = 2n/m, q = 2m/n than p, q ∈ Z and
satisfy the Diophantine equation pq = 4. By solving
the Diophantine equation for p, q and using the sym-
metry of (1.8) with respect to n and m, one gets the
following 3 cases for (c1, c2):

1. (c1, c2) =
(

3,−2+
2
n2

)
,

2. (c1, c2) =
(

3− 1
n
, −2+

1
n

+
1
n2

)
,

3. (c1, c2) =
(

3− 3
n
, −2+

3
n
− 1

n2

)
.

(1.12.a,b,c)

If n+m−1 = 0, (1.6) and c1 +c2−1 �= 0 imply that
c2 = −2 and c1 �= 3, respectively. Then

(c1, c2) =
(3n2 −3n+ 2

n(n−1)
, −2

)
,

n �= 0,1, and c1 �= 3.

(1.13)

Similarly, substituting (1.9) into (1.4) with the values
of (c1, c2) given in (1.13) gives the equations for the
Fuchs indices in the form

r(r + 1)[r(n−1)+ 2(1−2n)]= 0, and

r(r + 1)[nr−2(1−2n)] = 0
(1.14)

for α = n and α = m = 1 − n, respectively. In or-
der to have distinct Fuchs indices for both branches
α = n and α = m, n must take the values −1, 2. There-
fore, when n+ m−1 = 0 and c1 + c2 −1 �= 0 we have
(c1, c2) = (4, −2), which can be obtained from (1.12b)
for n = −1.

In the case of the single branch, i.e. c1 + c2 −1 = 0,
let α = n∈Z−{0}, the Fuchs indices are r =−1, 0, 2,
and the coefficients (c1, c2) are

4. (c1, c2) =
(

3− 2
n
, −2+

2
n

)
. (1.15)

If c1 + c2 −1 = 0 and c1 = 3, then c2 = −2. So, as the
fifth case we have

5. (c1, c2) = (3, −2). (1.16)

Thus, we have five cases, (1.12), (1.15) and (1.16),
and all the corresponding equations pass the Painlevé
test. Moreover, if one lets y = un in (1.4) with the co-
efficients (c1, c2) given by (1.12) and (1.15), and inte-
grates the resulting equation for u once, then u satis-
fies a linear equation or is solvable by means of ellip-
tic functions. For (c1, c2) given by (1.16), (1.4) yields
ü = 0 if we let u = ẏ/y and integrate the resulting
equation twice. Therefore all five equations have the
Painlevé property.

2. Leading Order α = –1

Equation (1.4) contains the leading terms for any
α ∈ Z − {0} as z → z0. In this section we consider
the case α = −1. By adding the terms of order −4 or
greater as z → z0, we obtain the equation

y′′′ = c1
y′y′′

y
+ c2

(y′)3

y2 + a1yy′′ + a2(y′)2

+ a3y2y′ + a4y4 + Fj(y, y′, y′′, z),
(2.1)

where ai, i = 1, ...,4 are constants and Fj, j = 1,2:

F1 = A1y′′ + A2
(y′)2

y
+ A3yy′ + A4y3 + A5

y′′

y

+ A6y′ + A7y2 + A8
y′

y
+ A9y+ A10 + A11

1
y
,

F2 = A1y′′ + A2
(y′)2

y
+ A3yy′ + A4y3 + A5

y′′

y

+ A6

(y′

y

)2
+A7y′+A8y2 +A9

y′′

y2 +A10
y′

y
+A11y
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+ A12
y′

y2 + A13 + A14
1
y

+ A15
1
y2 , (2.2.a,b)

if c2 = 0 and c2 �= 0, respectively, and where Ak(z) are
locally analytic functions of z. (2.1) contains all the
leading terms for α = −1, if we do not take into ac-
count Fj.

Suppose that (1.12), (1.15) and (1.16) hold and sub-
stitute [13]

y ∼= y0(z− z0)−1 + β (z− z0)r−1 (2.3)

into (2.1) without F1. Then we obtain the following
equations for the Fuchs indices (resonances) r and y0

Q(r) = (r + 1)[r2 − (a1y0 + 7− c1)r + 3(6−2c1− c2)

+ 2(2a1 + a2)y0 −a3y2
0] = 0, (2.4.a,b)

a4y3
0 −a3y2

0 +(2a1 + a2)y0 + 6−2c1− c2 = 0,

respectively. Equation (2.4.b) implies that, in general,
there are three branches if a4 �= 0. Now we determine
y0 j, j = 1,2,3, and ai, i = 1,2,3,4, for each case of
(c1, c2) such that at least one branch is the principal
branch, i.e. all the resonances are positive and distinct
integers (except r0 = −1). Ak can be determined by
using the transformation

y = µ(z)ỹ(x), x = ρ(z), (2.5)

which preserves the Painlevé property, where µ and
ρ are locally analytic functions of z and the compati-
bility conditions at the Fuchs indices r ji and the com-
patibility conditions corresponding to parametric ze-
ros; that is, the compatibility conditions at the Fuchs
indices r̃ ji of the equations obtained by the transfor-
mation y = 1/u.

According to the number of branches, the following
cases should be considered separately.

Case I. a3 = a4 = 0: In this case there is one
branch. If r0 = −1 and (r1,r2) are resonances, then
(2.4.b) implies that

−(2a1 + a2)y0 = r1r2 = 6−2c1− c2,

r1 + r2 = a1y0 + 7− c1.
(2.6)

In order to have a principal branch,

6−2c1− c2 = k, k ∈ Z+ . (2.7)

When (c1, c2) = (3, −2+ 2
n2 ), (2.7) implies that n =

±1. Then y0 �= 0 and arbitrary, the Fuchs indices are
(r1,r2) = (0,4) and the simplified equation is [12]

y′′′ = 3
y′y′′

y
. (2.8)

Integrating (2.8) once yields y ′′ = k1y3, where k1 is an
integration constant.

In this case, the canonical form of the equation is

y′′′ = 3
y′y′′

y
+ A1y′′ + A2

(y′)2

y
+ A3yy′ + A4y3 + A5

y′′

y

+ A6y′ +A7y2 +A8
y′

y
+A9y+A10 +A11

1
y
. (2.9)

A3 = 0, otherwise α = −2 is of leading order. The
transformation (2.5) allows one to take A1 = A2 = 0.
If we substitute

y = (z− z0)−1 +
∞

∑
i=0

yi(z− z0)i (2.10)

in (2.9), then the compatibility condition at r2 = 4 gives
that A4 = A7 = 0 and

A′′
5 + A10 −A′

8 = 0, A′′
6 −2A′

9 = 0. (2.11)

If we let y = 1/u, then (2.9) yields

uu′′ = 3u′u′′ + A5
[
u2u′′ −2u(u′)2]+ A6uu′

+ A8u2u′ −A9u2 −A10u3 −A11u4. (2.12)

α̃ = −1 is the possible leading order of u as z → z0,
if A5 = A11 = 0 and the Fuchs indices are (r̃1, r̃2) =
(0,4). The compatibility condition at r̃2 = 4 together
with (2.11) gives A8 = k1 = constant, A10 = 0, A′

9 =
A′′

6 = 0 and

k1(A′
6 + 2A9) = 0. (2.13)

If k1 = 0, then the canonical form of the equation is

yy′′′ = 3y′y′′ +(k2z+ k3)yy′ + k4y2. (2.14)

If one lets y = ev and v′ = w, then (2.14) yields the
second Painlevé equation. If k1 �= 0, then we have

yy′′′ = 3y′y′′ − (2k2z− k3)yy′ + k1y′ + k2y2, (2.15)

where ki = constant for i = 2,3. Integrating (2.15) once
yields

y′′ = k4y3 +
1
2
(2k2z−k3)y− k1

3
, k4 = constant. (2.16)
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(2.16) is of Painlevé type [14].
When (c1, c2) = (3− 1/n,−2 + 1/n + 1/n2), (2.7)

implies that n = ±1. For n = −1, y0 = arbitrary �= 0,
r2 = 3, (r1, r2) = (0, 3)

y′′′ = 4
y′y′′

y
−2

(y′)3

y2 . (2.17)

Integration of (2.17) once yields

y′′ =
1
2

(y′)2

y
+ k1y3, k1 = constant, (2.18)

which is solvable by means of elliptic functions.
After adding the non-dominant terms F2 given by

(2.2.b), the leading order is α = −1 if A3 = 0. The
compatibility condition at r2 = 3 implies that A5 =
A6 = 0. On the other hand, if A9 = 0, then the leading
order of u = 1/y as z → z0 is α̃ = −1. The following
two cases may be considered separately:

If A12 �= 0 and A15 = 0, then A12(z0)u2
0 = 2 and the

Fuchs indices of u are (r̃ j1, r̃ j2) = (1,4), j = 1,2. The
compatibility conditions at r̃ ji of both branches of u,
together with the compatibility condition at r2, give
that Ak = 0 for all k except A7 = k1, A8 = k2, A12 = k3,
ki = constant, i = 1,2,3. Then we obtain the equation

y2y′′′ = 4yy′y′′ −2(y′)3 + k1y2y′ + k2y4 + k3y′. (2.19)

If A15 �= 0 and A12 = 0, then A15(z0)u3
0 = −2,

(r̃ j1, r̃ j2) = (2,3), j = 1,2,3. The compatibility con-
ditions at r̃ ji of all the three branches of u together
with the compatibility condition at r2 give that A8 =
k1, A15 = k2, ki=constant, i = 1,2, and the rest of the
coefficients Ak = 0. Then we have

y2y′′′ = 4yy′y′′ −2(y′)3 + k1y4 + k2. (2.20)

For n = 1, the Fuchs indices and the simplified equa-
tion are

y0 = − 2
a1

: (r1,r2) = (1,2),

y′′′ = 2
y′y′′

y
+ a1[yy′′ − (y′)2].

(2.21.a,b)

Equation (2.21.b) does not pass the Painlevé test, since
the compatibility condition at r2 = 2 is not satisfied
identically. (2.21.b) was considered in [12].

When (c1, c2) = (3− 3
n , −2+ 3

n − 1
n2 ), (2.7) implies

that n = ±1. For n = 1, (c1, c2) = (0, 0). This case

leads to a polynomial type equation. For n = −1, let
r1 = 0, then y0 = arbitrary �= 0, r2 = 1 and

y′′′ = 6
y′y′′

y
−6

(y′)3

y2 . (2.22)

If we let y = 1/u, then (2.22) yields u ′′′ = 0. Equation
(2.22) was considered in [12].

By adding the non-dominant terms F2 and applying
the same procedure, we obtain the following canonical
form of the equations: If A9 = A15 = 0 and A12(z) �=
0, then u = (1/y) ∼ (z− z0)−1 as z → z0 (α̃ = −1),
the Fuchs indices are (r̃1, r̃2) = (3,4) and the canonical
form of the equation is

y2y′′′ = 6yy′y′′ −6(y′)3 + 4(z2 + k1)y2y′

+ 12zyy′ −4zy3 + 6y′+ 4y2, (2.23)

where k1 is a constant. If A9 = A12 = A14 = A15 = 0
and A10(z) �= 0, then α̃ = −2, (r̃1, r̃2) = (4,6) [6], and
the canonical form of the equation is

y2y′′′ = 6yy′y′′ −6(y′)3 +
1
z

[
y2y′′ −2y(y′)2]

+
(1

z
+ 6z3

)
y4 + 12yy−12zy3 +

6
z

y2 (2.24)

= 6yy′y′′ −6(y′)3 +
(k2

1z
6

− k2

)
y4 − k1y3 + 12yy,

where k1 and k2 are constants. If A9 = A10 = A12 =
A13 = A14 = A15 = 0, then u satisfies a linear equation
and the canonical form of (2.24) is

y2y′′′ = 6yy′y′′ −6(y′)3 + A1[y2y′′ −2y(y′)2]

+ A7y2y′ + A8y4 + A11y3, (2.25)

where A1, A7, A8, A11 are arbitrary locally analytic
functions of z.

When (c1, c2) = (3−2/n,−2+ 2/n), (2.7) implies
that n = ±1,±2. For n = −1, let r1 = 0, then y0 =
arbitrary �= 0, r2 = 2 and the simplified equation is

y′′′ = 5
y′y′′

y
−4

(y′)3

y2 . (2.26)

Integration of (2.26) once yields

y′′ =
(y′)2

y
+ k1y3, k1 = constant, (2.27)

which is solvable by means of elliptic functions.
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If we add the non-dominant terms F2 given in (2.2.b)
to (2.26) then we should set A3 = 0, in order to have
the leading order α = −1. The transformation (2.5)
and the compatibility condition at r2 = 2 imply that
A5 = A6 = 0 and A4 = A8 = 0, respectively. On the
other hand, if A9 = A15 = 0 and A12 �= 0, then α̃ = −1,
A12(z0)u2

0 = 4 and (r̃ j1, r̃ j2) = (2,4), j = 1,2. The
compatibility conditions at r̃i j imply that all the co-
efficients Ak are zero except A10 = k1 and A12 = k2,
ki = constant, i = 1,2. Therefore, the canonical form
of the equation is

y2y′′′ = 5yy′y′′ −4(y′)3 + k1yy′ + k2y′. (2.28)

For n = 1, (2.6) implies that r1r2 = 4. Then the
Fuchs indices and the simplified equation are

y0 = − 1
a1

: (r1,r2) = (1,4),

y′′′ =
y′y′′

y
+ a1

[
yy′′ + 2(y′)2

]
.

(2.29.a,b)

(2.29) was also considered in [12]. If one replaces y by
λ y such that a1λ =−1 and lets y = 1/u, (2.29.b) yields

u2u′′′ = 5uu′u′′ −4(u′)3 −uu′′+ 4(u′)2. (2.30)

(2.30) does not pass the Painlevé test. Hence (2.30),
and consequently (2.29) is not of Painlevé type.

For n = 2, y0, the Fuchs indices and the simplified
equation are

y0 = − 1
a1

: (r1,r2) = (1,3),

y′′′ = 2
y′y′′

y
− (y′)3

y2 + a1
[
yy′′ +(y′)2

]
,

(2.31.a,b)

respectively. (2.31.b) was considered in [12], and its
first integral is

y′′ =
(y′)2

y
+ a1yy′ + k1, k1 = constant. (2.32)

(2.32) is of Painlevé type [3, 14].
If we add the non-dominant terms to (2.31), the

leading order α̃ depending on of u as z → z0, we have
the following canonical form of the equations: If α̃ =
−1 then (r̃ j1, r̃ j2) = (1,2), j = 1,2. The transforma-
tion (2.5), the compatibility conditions at r̃ ji, i, j = 1,2,
and the compatibility conditions at (r1, r2) = (1, 3) are
enough to determine all the coefficients Ak in terms

of A1. Then, one gets the following canonical form of
the equation

y2y′′′ = 2yy′y′′ − (y′)3 − y3y′′ − y2(y′)2

+ A1
[
y2y′′ − y(y′)2 + y3y′

]
+ A′

1y2y′ (2.33)

+ (A′′
1 −A1A′

1)y
3 + A12(y′ + y2)−A1A12y,

where A′
12 = 2A1A12.

If α̃ =−2, then A5 = A6 = A10 = A12 = A15 = 0, and
(r̃1, r̃2) = (0,2). The compatibility condition at r̃2 = 2
gives that A8 = A13 = 0 and A7 = A′

1, A11 = A′′
1 −A′

1A1.
Then, the canonical form of the equation is

y2y′′′ = 2yy′y′′ − (y′)3 − y3y′′ − y2(y′)2

+ A1
[
y2y′′ − y(y′)2 + y3y′

]
+ A′

1y2y′

+ (A′′
1 −A′

1A1)y3, (2.34)

where A1 is a locally analytic function of z.
For n = −2, since r1r2 = 1, r = ±1 are the double

Fuchs indices.
When (c1, c2) = (3, −2), y0, the Fuchs indices and

the simplified equation are

y0 = − 1
a1

: (r1,r2) = (1,2),

y′′′ = 3
y′y′′

y
−2

(y′)3

y2 + a1yy′′.
(2.35)

(2.35) was also considered in [12].
If one adds the non-dominant terms, then α̃ = −1

when A6 = −2A5, A9 = A12 = A15 = 0 and A5(z0)u0 =
−1, (r̃1, r̃2) = (1,2). Therefore, the canonical form of
the equation is

y2y′′′ = 3yy′y′′ −2(y′)3 − y3y′

+ A1

[
y2y′′ −2y(y′)2 − y3y′ − y5

]

+ A5
[
yy′′ −2(y′)2]+ A7(y2y′ + y4)

+ (2A′
5 −3A1A5)yy′ + A11y3

− (A′′
5 −A1A′

5 −A5A7)y2 −A1A2
5y, (2.36)

where A1,A5,A7 and A11 are arbitrary locally analytic
functions of z.

Case II. a3 �= 0, a4 = 0: If y0 j, j = 1,2, are roots
of (2.4.b), and (r j1,r j2) are the Fuchs indices corre-
sponding to y0 j, then let

r j1r j2 = P(y0 j) = p j, j = 1,2, (2.37)
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where

P(y0 j) = 3(6−2c1− c2)+ 2(2a1 + a2)y0 j

− a3y2
0 j, j = 1,2, (2.38)

and p j ∈Z−{0}. In order to have a principal branch, at
least one of the p j should be a positive integer. Equa-
tion (2.4.b) gives

a3 =−6−2c1− c2

y01y02
, 2a1+a2 = a3(y01+y02). (2.39)

Then (2.38) can be written as

P(y01) = (6−2c1− c2)
(

1− y01

y02

)
,

P(y02) = (6−2c1− c2)
(

1− y02

y01

)
.

(2.40)

If p1 p2 �= 0 and 6− 2c1 − c2 �= 0, then p j satisfy the
following hyperbolic type of Diophantine equation

1
p1

+
1
p2

=
1

6−2c1− c2
. (2.41)

For each solution set (p1, p2) of (2.41) one should find
(r j1,r j2) such that r ji, i = 1,2 are distinct integers
and r j1r j2 = p j. Then y0 j and ai can be obtained from
(2.39), (2.40) and r j1 + r j2 = a1y0 j − c1 + 7.

When (c1, c2) = (3, −2 + 2/n2), the Diophantine
equation (2.41) takes the form

1
p1

+
1
p2

=
n2

2(n2 −1)
, n �= ±1. (2.42)

The general solution of (2.42) is

p1 =
2(n2 −1)+ di

n2 ,

p2 =
2(n2 −1)

n2

[
1+

2(n2 −1)
di

]
, n �= 0,

(2.43)

where {di} is the set of divisors of 4(n2 − 1)2 �= 0.
When n = ±3, (2.43) gives (p1, p2) = (2,16), which
does not lead any Fuchs indices. (p1, p2) = (1,−3),
(2, 6), (3, 3), when n = ±2. We have distinct Fuchs in-
dices for both branches only for (p1, p2) = (2, 6), (3, 3).
If (p1, p2) = (2,6), we have

y01 = − 1
a1

: (r11,r12) = (1,2),

y02 =
3
a1

: (r21,r22) = (1,6), (2.44.a,b,c)

y′′′ = 3
y′y′′

y
− 3

2
(y′)3

y2 + a1

[
yy′′ − (y′)2 +

1
2

a1y2y′
]
.

(2.44.c) does not pass the Painlevé test since the com-
patibility condition at r12 = 2 is not satisfied identi-
cally.

If (p1, p2) = (3,3), the Fuchs indices and the sim-
plified equation are

y2
01 =

3
2a3

,y02 = −y01 : (r j1,r j2) = (1,3), j = 1,2,

y′′′ = 3
y′y′′

y
− 3

2
(y′)3

y2 + a3y2y′. (2.45.a,b)

(2.45.c) was also considered in [12]. Integration of
(2.45.c) once yields,

y′′ =
1
2

(y′)2

y
+a3y3 +k1y2, k1 = constant. (2.46)

which is of Painlevé type [14].
After adding the non-dominant terms F2 given in

(2.2.b) to (2.45), the leading order α̃ of u as z → z0
is α̃ = −1 and (r̃ j1, r̃ j2) = (1,3), j = 1,2, if A12 �= 0,
A5 = A6 = A9 = A15 = 0 and A12(z0)u2

0 = 3/2. Then,
we have the equation

y2y′′′ = 3yy′y′′ − 3
2
(y′)3 +

3
2

y4y′+k1y′+k2y2y′, (2.47)

where k1 ,k2 are constants. Integration of (2.47) once
yields

y′′ =
(y′)2

2y
+

3
2

y3 +k3y2−k2y− k1

3y
, k3 = constant.

(2.48)

(2.48) is of Painlevé type [14].
When (c1,c2) = (3 − 1/n,−2 + 1/n + 1/n2), the

general solution of the Diophantine equation (2.41) is

p1 =
2n2 + n−1+ di

n2 ,

p2 =
2n2 + n−1

n2

[
1+

2n2 + n−1
di

]
, n �= 0, (2.49)

where {di} is the set of divisors of (2n2 +n−1)2 �= 0.
When n = 1, (p1, p2) = (1,−2), (3,6), (4,4). Only the
solutions (3,6) and (4,4) give distinct Fuchs indices
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for both branches. The Fuchs indices and the simplified
equations for these cases are as follows:

For (p1, p2) = (3,6),

y01 = − 1
a1

: (r11,r12) = (1,3),

y02 =
2
a1

: (r21,r22) = (1,6), (2.50.a,b,c)

y′′′ = 2
y′y′′

y
+ a1

[
yy′′ − (y′)2 + a1y2y′

]
.

(2.50.c) does not pass the Painlevé test, since the com-
patibility condition at r12 = 3 is not satisfied identi-
cally.

For (p1, p2) = (4,4),

y2
01 =

2
a3

,y02 = −y01 : (r j1,r j2) = (1,4), j = 1,2,

y′′′ = 2
y′y′′

y
+ a3y2y′. (2.51.a,b)

(2.51.b) was also considered in [12]. Integrating
(2.51.b) once yields,

y′′ = a3y3 + k1y2, k1 = constant. (2.52)

(2.52) is of Painlevé type [14].
If we add the non dominant terms, then the leading

order of u as z → z0 is α̃ = −1 and (r̃1, r̃2) = (0,3)
when A5 = 0. The canonical form of the equation is as
follows:

yy′′′ = 2y′y′′ + 2y3y′ + k1yy′, k1 = constant. (2.53)

(2.53) was also given in [11]. Integration of (2.53) once
gives

y′′ = 2y3 + k2y2 − k1

2
, k2 = constant. (2.54)

(2.54) is solvable by means of the elliptic functions.
When n = ±2,±3, the solutions of the Diophantine

equation (2.49) do not give any Fuchs indices.
When (c1,c2) = (3 − 3/n,−2 + 3/n − 1/n2), the

general solution of the Diophantine equation (2.41) is

p1 =
2n2 + 3n+ 1+ di

n2 ,

p2 =
2n2 + 3n+ 1

n2

[
1+

2n2 + 3n+ 1
di

]
, n �= 0, (2.55)

where {di} is the set of divisors of (2n2 +3n+1)2 �= 0.
It should be noted that, c1 = c2 = 0 when n = 1. For
n = 2 we have (p1, p2) = (3, −15), (4, 60), (5, 15),
(6, 10), but only (p1, p2) = (3, −15) gives the distinct
Fuchs indices for both branches.

The Fuchs indices and the simplified equation of this
case are

y01 = − 3
2a1

: (r11,r12) = (1,3),

y02 = − 15
4a1

: (r21,r22) = (−5,3), (2.56)

y′′′ =
3
2

y′y′′

y
− 3

4
(y′)3

y2 + a1
[
yy′′ +(y′)2]− 1

3
a2

1y2y′.

Without loss of generality, one can set a1 = 3/2, then
integrating (2.56) once yields

y′′ =
3
4

(y′)2

y
+

3
2

yy′ − 1
4

y3 + k1, (2.57)

k1 = constant.

This case was also given in [12], and (2.57) is of
Painlevé type [3, 14].

If one adds the non-dominant terms, then α̃ = −2
and (r̃1, r̃2) = (0,1). The transformation (2.5), the
compatibility conditions at (r11,r12) = (1,3), r22 = 3
and the compatibility conditions at r̃2 = 1 allow one to
determine all the coefficients Ak. Hence,

y2y′′′ =
3
2

yy′y′′ − 3
4
(y′)3 − 3

2

[
y3y′′ + y2(y′)2]

− 3
4

y4y′ + A7y2y′ + A′
7y3, (2.58)

where A7 is an arbitrary analytic function of z. Integra-
tion of (2.58) once yields

y′′ =
3
4

(y′)2

y
− 3

2
yy′ − 1

4
y3 + A7y+ k1, (2.59)

where k1 is an integration constant. (2.59) possesses
the Painlevé property [3, 14].

For n =−3, −2, (p1, p2) = (1,−10) and (p1, p2) =
(1,3), respectively. But for both cases there are dou-
ble Fuchs index at ±1. For n = 3, the only solution
of (2.55) is (p1, p2) = (4,14). This solution gives the
Fuchs indices (r11,r12) = (1,4) for the first branch, but
no Fuchs indices for the second branch.
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When (c1,c2) = (3−2/n,−2+2/n), the general so-
lution of Diophantine equation (2.41) is

p1 =
2(n+ 1)+ di

n
,

p2 =
2(n+ 1)

n

[
1+

2(n+ 1)
di

]
, n �= 0, (2.60)

where {di} is the set of divisors of 4(n + 1)2 �= 0.
(p1, p2) = (2,−2(n+1)) is a particular solution of the
Diophantine equation which corresponds to d i = 2. The
Fuchs indices and the simplified equation correspond-
ing to this case are as follows:

y01 = −n+ 2
na1

: (r11,r12) = (1,2),

y02 = − (n+ 1)(n+ 2)
na1

: (r21,r22) = (−(1+ n),2),

y′′′ =
(

3− 2
n

)y′y′′

y
−

(
2− 2

n

)(y′)3

y2 (2.61.a,b)

+ a1

[
yy′′ − 2n

(n+ 2)2 a1y2y′
]
,n �= 0,−1,−3

Without loss of generality, we can set a1 = 1+ 2/n. If
one lets y = −u′/u, and then u′ = vn, the last equation
(2.61.c) yields

vv′′′ = v′v′′. (2.62)

Integrating (2.62) once gives a linear equation for v.
Therefore (2.61) is of Painlevé type and was also con-
sidered in [12].

In particular, for n = −2, (2.60) implies that
(p1, p2) = (2, 2). Then y0 j, the Fuchs indices for
both branches and the simplified equation are as fol-
lows [12]:

y2
01 =

1
a3

,

y02 = −y01 : (r j1,r j2) = (1,2), j = 1,2, (2.63)

y′′′ = 4
y′y′′

y
−3

(y′)3

y2 + a3y2y′.

Integrating (2.63) once yields

y′′ =
(y′)2

y
+ a3y3 + k1y2, k1 = constant. (2.64)

(2.64) is of Painlevé type [14].

After adding the non-dominant terms, one finds the
following canonical form of the equations. If A 5 �= 0,
A6 = −3A5 and A9 = A12 = A15 = 0, then α̃ = −1,
A5(z0)u0 = −1 and (r̃1, r̃2) = (1,3). The canonical
form of the equation is

y2y′′′ = 4yy′y′′−3(y′)3 +y4y′+A5
[
yy′′ −3(y′)2 + y4]

+ 3A′
5yy′ −A′′

5y2, (2.65)

where A5 is a locally analytic arbitrary function of z. If
A12 �= 0, and A5 = A6 = A9 = A15 = 0, then α̃ = −1,
A12(z0)u2

0 = 3 and (r̃ j1, r̃ j2) = (2,3), j = 1,2. The com-
patibility conditions at the Fuchs indices give

A′′
10 −

3
2

A′
12

A12
A′

10 +
1
2

(A′
12

A12

)2
A10 = 0,

A11 = −3
4

1
A12

A10A′
10 +

3
8

A′
12

A12
A2

10,

A12A′′
12 = (A′

12)
2, A14 = −1

3
A′

12,

A13 = −A′
10 +

A′
12

4A12
A10. (2.66)

Therefore, if A12 = k1 = constant �= 0, then the canon-
ical form of the equation is

y2y′′′ = 4yy′y′′ −3(y′)3 +y4y′+(k2 +k3z)yy′+k1y′

− 3
4

k3

k1
(k2 + k3z)y3 − k3y2. (2.67)

where k2 and k3 are constants. If A12 = k2ek1z, k1k2 �= 0,
then the canonical form of the equation is

y2y′′′ = 4yy′y′′ −3(y′)3 + y4y′ +
(

k3ek1z + k4ek1z/2
)

yy′

+ k2ek1zy′ − 3
8

k1k3

k2

(
k3ek1z + k4ek1z/2

)
y3

− 1
4

k1

(
3k3ek1z + k4ek12z/2

)
y2 − 1

3
k1k2ek1zy,

(2.68)

where ki = constant, i = 1, ...,4. If A5 �= 0, A9 = A15 =
0, A6 = −2A5 and A12 = −A5/2, then α̃ = −1 and
A5(z0)u01 = −2 : (r̃11, r̃12) = (1,2), A5(z0)u02 = −6 :
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(r̃21, r̃22) = (−3,2). The canonical form of the equa-
tion in this case is

2y′′′ = 4yy′y′′−3(y′)3 +y4y′+A5
[
yy′′ −2(y′)2] (2.69)

+
3
2

A′
5yy′ + A11y3 − 1

4
A2

5y′ − 1
2

A′′
5y2 +

1
4

A5A′
5y,

where A5,A11 are arbitrary locally analytic functions
of z. Similarly, for n = 1 one can obtains the fol-
lowing canonical form of the equations, such that the
corresponding simplified equation is not contained in
(2.61.c):

yy′′′ = y′y′′ + 4y3y′ + k1y2y′

−
(k1k2

6
z− k3

)
y′ + k2y2 +

k1k2

6
, (2.70)

yy′′′ = y′y′′ + 4y3y′ +
1
z

(
yy′′ −2y4

)
+

k1

z
y2y′ − 2k1

z2 y3

−
( k2

1

2z3 −
k2

z

)
y2 +

( k1

3z3 −
k3

1

108z3 +
k1k2

6z
+k3

)
y′

+
(4k1

3z4 − k3
1

27z4 +
k1k2

3z2 +
k3

z

)
y, (2.71)

yy′′′ = y′y′′ + 4y3y′ − 1
z

[
3yy′′ −2(y′)2 − k1z2y2y′

− 4y4 − 8
3

k1zy3
]
+

(k2
1

2
z+

k2

z

)
y2 (2.72)

−
( k3

1

144
z3 +

k1k2

12
z− k3

z

)
y′ +

( k3
1

36
z2 +

k1k2

6

)
y,

when (A1, A2) = (0, 0), (A1, A2) = (1/z, 0) and
(A1, A2) = ((A′

2 −A2
2)/A2, 1/z), respectively, where ki

are constants. Integration of (2.70) and (2.71) yields

y′′ = 2y3 + k1y2 +(k2z+ k4)y+
k1k2

6
z+ k3, (2.73)

v′′ = 2v3 +(k4z− k2)v− (k3 +
k1k4

6
), (2.74)

respectively, where k4 is an integration constant and
v = y+(k1/6z) in (2.74).

When (c1,c2) = (3,−2), the solutions of
the Diophantine equation (2.41) are (p1, p2) =
(1,−2),(3,4),(4,6). (1,−2) gives a double Fuchs
index and the others do not lead to any Fuchs indices.

Case III. a4 �= 0 : In this case there are three
branches corresponding to roots y0 j, j = 1,2,3, of
(2.4.b). Equation (2.4.b) implies that

3

∏
j=1

y0 j = −6−2c1− c2

a4
,

3

∑
i�= j

y0iy0 j =
1
a4

(2a1 + a2),
3

∑
j=1

y0 j =
a3

a4
. (2.75)

Let

P(y0 j) = 3(6−2c1− c2)+ 2(2a1 + a2)y0 j

− a3y2
0 j, j = 1,2,3. (2.76)

If the Fuchs indices (except r j0 = −1) are r ji, i = 1,2,
corresponding to y0 j, then (2.4.a) implies that

2

∏
i=1

r ji = P(y0 j) = p j. (2.77)

In order to have a principal branch, p j should be inte-
gers such that at least one of them is positive. Equa-
tions (2.75) and (2.76) give

p j = (6−2c1− c2)
3

∏
l=1, l �= j

(
1− y0 j

y0l

)
, j = 1,2,3,

(2.78)

and hence p j satisfies the Diophantine equation

3

∑
j=1

1
p j

=
1

6−2c1− c2
, (2.79)

If ∏3
j=1 p j �= 0 and 6−2c1− c2 �= 0; from (2.78) one

has the following system for y0 j:

p1(y02 − y03) = µy01,

p2(y03 − y01) = µy02, (2.80)

p3(y01 − y02) = µy03,

where

µ =
6−2c1− c2

y01y02y03
· (y01 − y02)(y02 − y03)(y01 − y03).

(2.81)
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On the other hand, (2.78) gives that

3

∏
j=1

p j = −(6−2c1− c2)µ2. (2.82)

Then, if a1 �= 0 (note that r j1 + r j2 = a1y0 j − c1 + 7)
then (6− 2c1 − c2)µ2 > 0 and a real number. There-
fore, ∏3

j=1 p j < 0. That is, if p1 > 0, then either p2 or
p3 is a negative integer. So one should consider cases
a1 = 0 and a1 �= 0 separately.

III.A. a1 = 0: From (2.4.a), one has

r j1 + r j2 = 7− c1. (2.83)

Thus c1 is an integer. Since

(r j1 − r j2)2 = (r j1 + r j2)2 −4r j1r j2, (2.84)

(7− c1)2 − 4p j is a perfect square. Then for each five
cases one can determine p j. By using the system (2.80)
and (2.75), one obtains y0 j and am, m = 2,3,4.

When (c1, c2) = (3, −2 + 2
n2 ), since c1 = 3, (2.84)

and (2.83) give

(r j1 + r j1)2 = 16−4p j, j = 1,2,3. (2.85)

So 16 − 4p2 must be a perfect square. If we let
p1, p2 > 0, then (2.85) implies that p1 = p2 = 3. The
Diophantine equation (2.79) implies that p3 is an inte-
ger when n = ±1. But 6−2c1− c2 = 0 when n = ±1.

When (c1, c2) = (3− 1
n , −2+ 1

n + 1
n2 ), c1 is an inte-

ger and 6− 2c1 − c2 �= 0 only if n = 1. The Fuchs in-
dices and the simplified equation for this case are [12]

y3
0 j = − 2

a4
: (r j1,r j2) = (2,3), j = 1,2,3,

y′′′ = 2
y′y′′

y
+ a4y4. (2.86.a,b)

If we add the non-dominant terms to (2.86), then
α̃ = −1, u0 = arbitrary �= 0 and the Fuchs indices are
(r̃1, r̃2) = (0,3). The transformation (2.5), the compat-
ibility conditions at (r j1,r j2), j = 1,2,3, and at (r̃1, r̃2)
imply that Ak = 0, k = 1, ...,11. So the canonical form
of the equation is the simplified equation (2.86.b).

When (c1, c2) = (3− 3
n , −2 + 3

n − 1
n2 ), c1 ∈ Z im-

plies that n = ±1,±3. But only for n = −3, 6−2c1 −
c2 �= 0, c2

1 + c2
2 �= 0 and the Fuchs indices are distinct

for all three branches. The indices and the simplified
equation for this case are

y01 = − 1
3a2

: (r11,r12) = (1,2),

y02 =
2

3a2
: (r21,r22) = (1,2),

y03 =
5

3a2
: (r31,r32) = (−2,5), (2.87.a−d)

y′′′ = 4
y′y′′

y
− 28

9
(y′)3

y2 + a2
[
(y′)2 + 6a2y2y′ + 3a2

2y4] .

(2.87.d) does not pass the Painlevé test, since the com-
patibility conditions are not satisfied identically.

When (c1, c2) = (3− 2
n , −2+ 2

n ), c1 ∈Z implies that
n = ±1,±2. For these values of n, there are no distinct
Fuchs indices for all branches.

When (c1, c2) = (3, −2), the solutions of the Dio-
phantine equation (2.79) do not give distinct Fuchs in-
dices.

III.B. a1 �= 0: Once the solution set p j =
r j1r j2, j = 1,2,3, of (2.79) is known, y0 j and ai, i =
1,2,3,4, can be determined from the equations (2.80),
(2.75) and

r j1 + r j2 = a1y0 j + 7− c1, j = 1,2,3. (2.88)

When (c1, c2) = (3, −2 + 2
n2 ), (p1, p2, p3) =

(2,4(n− 1),−4(n + 1)) is a particular solution of the
Diophantine equation (2.79), and µ = ±4n. The Fuchs
indices are distinct only for µ = −4n. The indices and
the simplified equation for this case are

y01 = − 1
a1

: (r11,r12) = (1,2),

y02 =
n−1

a1
: (r21,r22) = (4, n−1),

y03 = −n+ 1
a1

: (r31,r32 = (4,−(n+ 1)),

y′′′ = 3
y′y′′

y
− 2(n2 −1)

n2

(y′)3

y2

+ a1

[
yy′′− 6

n2 (y′)2 +
6
n2 a1y2y′− 2

n2 a2
1y4

]
,

n �= 0,±1,±5. (2.89.a−d)

(2.89.d) was also considered in [12]. If one lets y =
u′/u and u′ = vn then (2.89.d) yields

vv′′′ = 3v′v′′. (2.90)

Integrating (2.90) once gives v ′′ = k1v3, k1 = constant.
If k1 = 0, then v = k2z + k3, ki = constant, i = 2,3. If
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k1 �= 0, then v = ∑∞
i=0 v4i(z− z0)4i−1, where z0 is arbi-

trary. Since u′ = vn, in order to u, and consequently
y, being single valued, it is necessary and sufficient
that u′ does not contain the term (z − z0)−1. That is
n �= 0,±(1+ 4m), where m ∈ Z+.

Particularly for n = 2, after adding the non-
dominant terms to (2.89), α̃ = −1 is the possible lead-
ing order of u = 1/y as z → z0 if A12 �= 0, A5 = A6 =
A9 = A15 = 0 and A12(z0)u2

0 = 3/2. The Fuchs indices
are (r̃ j1, r̃ j2) = (1,3), j = 1,2 and the canonical form
of the equation is

y2y′′′ = 3yy′y′′ − 3
2
(y′)3 − y3y′′ +

3
2

y2(y′)2 +
3
2

y4y′

+
1
2

y6 +
(k1

3
z2 + k2z+ k3

)(
y2y′ + y4)

−
(2k1

3
z+ k2

)
y3 + k1y′ +

k1

3
y, (2.91)

where ki = constant, i = 1,2,3.
When (c1, c2)= (3− 1

n , −2+ 1
n + 1

n2 ), (p1, p2, p3)=
(2,6(2n − 1),−3(n + 1)) is a particular solution of
(2.79). Then the system (2.80) has non-trivial solution
if µ = ±6n. For both values of µ , we have the follow-
ing simplified equations:

y01 = −n+ 1
na1

: (r11,r12) = (1,2),

y02 = − (n+ 1)2

na1
: (r21,r22) = (3,−(n+ 1)),

y03 =
(n+ 1)(2n−1)

na1
: (r31,r32) = (6,2n−1)

y′′′ =
(

3− 1
n

)y′y′′

y
−

(
2− 1

n
− 1

n2

)(y′)3

y2 (2.92.a−d)

+ a1

[
yy′′ − 3

n(n+ 1)
(y′)2 +

3−n
(n+ 1)2 a1y2y′

− n
(n+ 1)3 a2

1y4
]
, n �= 0,−1,−4.

(2.92.d) was also considered in [12]. Substitution of
y = u′/u in (2.92) and then letting u ′ = vn give the fol-
lowing equation for v

vv′′′ = 2v′v′′ (2.93)

Integration of (2.93) once gives v ′′ = k1v2,
k1 = constant. If k1 = 0 then v = k2z + k3,
ki = constants i = 2,3. If k1 �= 0, then

v = ∑∞
i=0 v6i(z − z0)6i−2, z0 = arbitrary. Therefore,

if n �= −3m− 1, m = 0,1,2, ..., u and consequently y
is a single valued function of z.

In particular for n = 1, (p1, p2, p3) =
(3,5,−30), (2,N,−N), N ∈ Z+ exist solutions
of (2.79). For (p1, p2, p3) = (3,5,−30), the system
(2.80) has a non-trivial solution if µ = ±15. Only
the µ = −15 case gives distinct Fuchs indices for all
branches. The simplified equations for this case are as
follows:

y01 = − 1
a1

: (r11,r12) = (1,3),

y02 =
1
a1

: (r21,r22) = (1,5),

y03 = − 4
a1

: (r31,r32) = (−5,6), (2.94.a−d)

y′′′ = 2
y′y′′

y
+ a1

[
yy′′ − 3

2
(y′)2 + 2a1y2y′ − 1

2
a2

1y4
]
.

Letting a1 = −1, integrating (2.94.d) once yields

y′′ =
3
2

(y′)2

y
+

1
2

y3 + k1, k1 = constant, (2.95)

which is solvable by means of elliptic functions [14].
After adding the non dominant terms α̃ = −1 if A5 =
0, the indices are (r̃1, r̃2) = (0, 3). Then the canonical
form of the equation is

yy′′′ = 2y′y′′ − y2y′′ +
3
2

y(y′)2 + 2y3y′ +
1
2

y5 + k1y,

k1 = constant. (2.96)

For (p1, p2, p3) = (2,N,−N), (2.80) implies that
µ = ±N. For µ = N, y01 = 0, and µ = −N we have
the following equation:

y′′′ = 2
y′y′′

y
+ a1

[
yy′′ +

N2 + 12
4−N2 (y′)2 − 16

4−N2 a1y2y′

+
4

4−N2 a2
1y4

]
, N �= ±2, (2.97)

with a1y01 = −2, a1y02 = (N − 2)/2, a1y03 =
−(N + 2)/2, and (r11,r12) = (1,2). The Fuchs indices
for the second and the third branches satisfy the fol-
lowing equations, respectively,

r2
2i −

N + 8
2

r2i + N = 0,

r2
3i +

8−N
2

r3i −N = 0
(2.98)
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The compatibility condition at r12 = 2 is not satisfied
identically unless N = 6. Then from (2.98), the indices
are (r21,r22) = (1,6) and (r31,r32) = (−2,3). The cor-
responding simplified equation is (2.92) for n = 1. If
one adds the non-dominant terms then, (r̃1, r̃2)= (0,3).
The transformation (2.5), the compatibility conditions
at (r11,r12) = (1,2), (r21,r22) = (1,6), r32 = 3 of y
and the compatibility conditions at the Fuchs indices
of u imply that all the coefficients Ak are zero ex-
cept A10 = k1 = constant. So, the canonical form of the
equation is

yy′′′ = 2y′y′′ −2y2y′′ + 3y(y′)2 + 2y3y′ + y5 + k1y.

(2.99)

When (c1,c2) = (3 − 3/n,−2 + 3/n − 1/n2),
(p1, p2, p3) = (2,2(2n + 1),−(n + 1)) is a particular
solution of (2.79). For these values of p j the system
(2.80) has a nontrivial solution if µ = ±2n. Only for
µ = 2n there are distinct indices for all three branches.
The indices and the corresponding simplified equation
are

y01 = −n+ 3
na1

: (r11,r12) = (1,2), (2.100.a−d)

y02 =− (n+ 3)(2n+ 1)
na1

: (r21,r22) = (−(2n+1),−2),

y03 = − (n+ 3)(n+ 1)
na1

: (r31,r32) = (−(n+ 1),1),

y′′′ = 3
(

1− 1
n

)y′y′′

y
−

(
2− 3

n
+

1
n2

) (y′)3

y2

+ a1

[
yy′′ +

3
n(n+ 3)

(y′)2 − 3(n+ 1)
(n+ 3)2 a1y2y′

+
n

(n+ 3)3 a2
1y4

]
, n �= −1,−2,−3.

(2.100.d) was also considered in [12]. Substituting y =
u′/u in (2.100) and letting u ′ = vn gives

v′′′ = 0. (2.101)

(2.101) has the solution v(z) = k1z2 + k2z + k3, ki =
constant. Therefore, the zeros z0 of v are singularities
of u′ when n < 0. Hence, it is necessary and sufficient
that n > 0, that u′ does not contain the term (z− z0)−1.
Then movable singularities of u and consequently y are
poles only.

If we let n = 2 and add the non-dominant terms, then
α̃ =−1 and (r̃1, r̃2) = (0,1). The canonical form of the
equation is

y2y′′′ =
3
2

yy′y′′ − 3
4
(y′)3 − 5

2
y3y′′ − 3

4
y2(y′)2 − 9

4
y4y′

− 1
4

y6 + A7(y2y′ + y4)+ A11y3, (2.102)

where A7,A11 are arbitrary locally analytic functions
of z.

When (c1,c2) = (3 − 2/n,−2 + 2/n), and n = 1
the solutions of the Diophantine equation (2.79) are
(p1, p2, p3) = (3,24,−8), (3,132,−11), (5,16,−80),
(5,19,−380), (6,10,−60), (7,8,−56), (4,−N,N),
N ∈ Z+. Only for (3,24,−8) and (4,−N,N) there are
distinct Fuchs indices for all branches. The indices and
the simplified equations for these cases are as follows:

For (p1, p2, p3) = (3,24,−8):

y01 = − 2
a1

: (r11,r12) = (1,3),

y02 =
4
a1

: (r21,r22) = (4,6),

y03 = − 4
a1

: (r31,r32) = (−2,4), (2.103.a−d)

y′′′ =
y′y′′

y
+ a1

(
yy′′ +

1
4

a1y2y′ − 1
8

a2
1y4

)
.

This case was considered in [12]. After adding the non-
dominant terms, if A5 = 0, then p̃ = −1 and the Fuchs
indices are (r̃1, r̃2) = (0,2). The transformation (2.5)
and the compatibility conditions at (r11,r12) = (1,3),
(r21,r22) = (4,6) and at r̃2 = 2 imply that Am = 0, m =
1,2...,6 and

A(4)
7 + A7A′′

7 +(A′
7 − k1)(A′

7 + 2k1) = 0,

A8 = A′
7 + k1, A9 = k1, A10 = −A′

8,
(2.104)

where k1 is a constant. It should be noted that the
equation for A7 is the autonomous part of the second
member of the first Painlevé hierarchy [6, 8]. From
(2.104) we have the following two cases: If k1 = 0 and
A7 = −12/z2 then

yy′′′ = y′y′′ −2y2y′′ + y3y′ + y5 − 12
z2 y3 +

24
z3 y′ +

72
z4 y.

(2.105)
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If A7 = k2z+k3, ki = constant, i = 2,3, then the canon-
ical form of the equation is

yy′′′ = y′y′′ −2y2y′′ + y3y′ + y5

+ (k2z+ k3)y3 + k2(2y′ + y2). (2.106)

For (p1, p2, p3) = (4,−N,N): p1 = 4, implies that
(r11,r12) = (1,4) and hence a1y01 = −1. By using the
system (2.80), one finds y02 and y03 in terms of a1 and
N. So, the Fuchs indices r2i and r3i, i = 1,2, satisfy the
equations

r2
2i −

44+ N
8

r2i + N = 0,

r2
3i −

44−N
8

r3i −N = 0,

(2.107)

respectively, and the simplified equation is

y′′′ =
y′y′′

y
+ a1yy′′ −2

N2 −144
16−N2 a1(y′)2

− 512
16−N2 a2y2y′ +

256
16−N2 a3

1y4, N �= ±4.

(2.108)

The compatibility condition at r12 = 4 is not satis-
fied identically unless N = 12. Then, (2.107) gives that
(r21,r22) = (3,4) and (r31,r32) = (−2,6), respectively.
Thus we have the simplified equation [12]

y′′′ =
y′y′′

y
+a1(yy′′+4a1y2y′ −2a2

1y4). (2.109)

For this case, the canonical form of the equation is
α̃ = −1, (r̃1, r̃2) = (0,2) and

yy′′′ = y′y′′ − y2y′′ + 4y3y′ + 2y5

+ (2k1z+ k2)y3 + k1(y′ + y2), (2.110)

where k1,k2 are constants.
When (c1, c2) = (3,−2), the solutions of the Dio-

phantine equation (2.79) do not lead to any distinct
Fuchs indices.

3. Leading Order α = –2

α = −2 is also a possible leading order of the equa-
tion (1.4). By adding the term yy ′, the following sim-
plified equation with the leading order α = −2, is ob-
tained

y′′′ = c1
y′y′′

y
+ c2

(y′)3

y2 + ayy′, (3.1)

where a is constant and c1, c2 are given by (1.12),
(1.15) and (1.16).

Substituting y = y0(z − z0)−2 + β (z − z0)r−2 into
(3.1) gives the following equations for the Fuchs in-
dices r and y0, respectively:

Q(r) = (r +1)[r2 +2(c1 −5)r +24−12c1−8c2] = 0,

ay0 = 12−6c1−4c2. (3.2.a,b)

(3.2.b) implies that there is only one branch. In order
to have a principal branch, the indices r1 and r2 (ex-
cept r0 =−1) should be distinct positive integers. Then
(3.2.a) implies that 2c1 and 4(3c1 + 2c2) should be
integers.

To find the canonical forms of the equations, one
should consider the following equations for c 2 = 0 and
c2 �= 0, respectively:

yy′′′ = c1y′y′′+ay2y′′+A1yy′′+A2(y′)2 +A3y3 +A4yy′

+ A5y′′ + A6y2 + A7y′ + A8y+ A9, (3.3)

y2y′′′ = c1yy′y′′ + c2(y′)3 + ay3y′ + A1y2y′′ + A2y(y′)2

+ A3y4 + A4y2y′ + A5yy′′ + A6(y′)2 + A7y3

+ A8yy′ + A9y′′ + A10y2 + A11y′

+ A12y+ A13, (3.4)

where the Ak are locally analytic functions of z. The
coefficients Ak can be found by using the procedure
described in the previous section.

When (c1, c2) = (3, −2 + 2
n2 ), the Fuchs indices

satisfy r1 + r2 = 4 and r1r2 = 4[1− (4/n2)]. Hence,
n = ±1,±2,±4, but n = ±1 does not lead a princi-
pal branch. Therefore we have the following cases:
For n = ±2, the Fuchs indices, simplified equation and
the canonical form of the equation are

y0 = arbitrary : (r1, r2) = (0, 4),

y′′′ = 3
y′y′′

y
− 3

2
(y′)3

y2 ,
(3.5)

y′′′ = 3
y′y′′

y
− 3

2
(y′)3

y2 +
1
y2 [(k1z+k3)y′+k2], (3.6)

respectively, where ki, i = 1,2,3 are constants.
For n = ±4:

ay0 =
3
2

: (r1, r2) = (1, 3),

y′′′ = 3
y′y′′

y
− 15

8
(y′)3

y2 + ayy′,
(3.7.a,b)
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Integration of (3.7.b) once yields

v′′ =
1
2

(v′)2

v
+ av3 + k1v2, k1 = constant, (3.8)

where v2 = y. If we let a = 3/2, then (3.8) is of Painlevé
type [14]. For this case, the canonical form of the equa-
tion is

y′′′ = 3 y′y′′
y − 15

8
(y′)3

y2 +
3
2

yy′ + k1
y′

y
,

k1 = constant.
(3.9)

Integration of (3.9) yields

v′′ =
1
2

(v′)2

v
+ 3v2− 2k1

3
1
v

+
k2

2
v2, (3.10)

where v2 = y and k2 is an integration constant. (3.10)
is solvable by means of the elliptic functions [14].

When (c1,c2) = (3−1/n,−2+ 1/n+ 1/n2), 2c1 is
an integer if n = ±1,±2. n = −1 does not lead a prin-
cipal branch. So, when n = −2, we have the following
simplified equation

y0 = arbitrary : (r1,r2) = (0,3),

y′′′ =
7
2

y′y′′

y
− 9

4
(y′)3

y2 ,
(3.11)

and the canonical form of the equation

y′′′ =
7
2

y′y′′

y
− 9

4
(y′)3

y2 + k1
y′

y
, (3.12)

where k1 is a constant. (3.12) yields

u′′ =
5
4

(u′)2

u
+

k1

2
u2 + k2, k2 = constant (3.13)

after letting y = 1/u and integrating once. (3.13) is of
Painlevé type [14]. When n = 1, we have

y0 = arbitrary : (r1, r2) = (0, 6),

y′′′ = 2
y′y′′

y
.

(3.14)

The canonical form of the equations are as follows:

y′′′ = 2
y′y′′

y
+ k1, k1 = constant (3.15)

y′′′ = 2
y′y′′

y
+(k2 −2k1z)

y′

y
+ k1,

k1,k2 = constant
(3.16)

For n = 2, the simplified equation is

y0 =
2
a

: (r1,r2) = (1,4),

y′′′ =
5
2

y′y′′

y
− 5

4
(y′)3

y2 + ayy′.
(3.17.a,b)

Integration of (3.17.b) once yields

y′′ =
5
4

(y′)2

y
+

a
2

y2 +k1, k1 = constant. (3.18)

(3.18) is solvable by means of elliptic functions. The
canonical form of the equation is

y′′′ =
5
2

y′y′′

y
− 5

4
(y′)3

y2 + 2yy′+ k1y′,

k1 = constant.
(3.19)

Integration of (3.19) yields

v′′ =
3
2

(v′)2

v
+

1
2

v3 − k1

2
v+

k2

2
1
v
, (3.20)

where v2 = y and k2 is an integration constant. (3.20)
is solvable by means of elliptic functions.

When (c1, c2) = (3− 3
n , −2 + 3/n− 1/n2), 2c1 =

integer implies that n = ±1,±2,±3,±6. If n = 1, −1
and n = ±3,±6 then c1 = c2 = 0, there is no princi-
pal branch and there are no Fuchs indices respectively.
Therefore, we have the following cases: For n = −2
the simplified equation is

y0 = arbitrary : (r1,r2) = (0,1),

y′′′ =
9
2

y′y′′

y
− 15

4
(y′)3

y2 ,
(3.21)

and the canonical form of the equation is

y′′′ =
9
2

y′y′′

y
− 15

4
(y′)3

y2 + k1y′ + k2
y′

y
, (3.22)

where ki, i = 1,2 are constants. If we let y = 1/u in
(3.22) and integrate once, then we have

u′′ =
3
4

(u′)2

u
+

k2

2
u2 + k1u+ k3, (3.23)

where k3 is an integration constant and (3.23) is of
Painlevé type [14]. For n = 2, the simplified equation is

y0 =
6
a

: (r1,r2) = (3,4),

y′′′ =
3
2

y′y′′

y
− 3

4
(y′)3

y2 + ayy′.
(3.24.a,b)
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Letting a = 6 and integrating (3.24.b) once yields

y′′ =
3
4

(y′)2

y
+ 3y2 + k1, k1 = constant. (3.25)

(3.25) is of Painlevé type [3, 14]. The canonical form is

y′′′ =
3
2

y′y′′

y
− 3

4
(y′)3

y2 + 6yy′

+ (k1z+ k2)y′ + 2k1y, (3.26)

where ki = constant, i = 1,2.
When (c1, c2) = (3−2/n,−2+2/n), 2c1 is integer

if n = ±1,±2,±4. When n = −1, there is no principal
branch. So, we have the following three cases:

For n = −4,

y0 =
1
a

: (r1,r2) = (1,2),

y′′′ =
7
2

y′y′′

y
− 5

2
(y′)3

y2 + ayy′.
(3.27.a,b)

Setting a = 1 in (3.27.b) and integrating once yields

v′′ =
(v′)2

v
+ v3 + k1v2, k1 = constant, (3.28)

where v2 = y. (3.28) is of Painlevé type [14]. The
canonical form is

y′′′ =
7
2

y′y′′

y
− 5

2
(y′)3

y2 + yy′+ k1
y′

y
. (3.29)

Integration of (3.29) once yields

v′′ =
(v′)2

v
+ v3 − k1

3v
+

k2

2
v2, (3.30)

where v2 = y and ki, i = 1,2, are constants. (3.30) is
solvable by means of elliptic functions. For n =−2, we
have the following simplified equation and the canoni-
cal form of the equation:

y0 = arbitrary : (r1,r2) = (0,2),

y′′′ = 4
y′y′′

y
−3

(y′)3

y2 ,
(3.31)

y′′′ = 4
y′y′′

y
−3

(y′)3

y2 + k1
y′

y
, k1 = constant. (3.32)

respectively. Integrating (3.32) once gives

y′′ =
(y′)2

y
+ k2y2 − k1

2
, . (3.33)

where k2 is an integration constant. For n = 1, the sim-
plified equation is

y0 =
6
a

: (r1,r2) = (2,6),

y′′′ =
y′y′′

y
+ ayy′.

(3.34.a,b)

Integration of (3.34.b) once yields

y′′ = ay2 + k1y, k1 = constant. (3.35)

(3.35) is solvable by means of elliptic functions. If
A1 = A2 = 0, the canonical form of the equations is

y′′′ =
y′y′′

y
+ 6yy′ −

( 1
24

k2
1z2 + k2z+ k3

)y′

y
+ k1y

+
( 1

12
k2

1z+ k2

)
, (3.36)

where ki, i = 1,2,3, are constants. Integration of (3.36)
once yields

y′′ = 6y2 +(k1z+ k4)y+
1

24
k2

1z2 + k2z− k3,

k4 = constant.
(3.37)

If one lets y = v−(k1z+k4)/12 in (3.37), then it yields
the first Painlevé equation. If A1 = 1/2z, A2 = 0, then
the canonical form of thek equation is

y′′′ =
y′y′′

y
+ 6yy′+

1
2z

(
y′′ −6y2)+

5
8

y
z3 (3.38)

−
( 639

5120
1
z4 −k1z−k2

)y′

y
−

(5751
1280

1
z5 −

k2

2z
+

k1

2

)
.

For n = 2, the simplified equation is

y0 =
4
a

: (r1,r2) = (2,4),

y′′′ = 2
y′y′′

y
− (y′)3

y2 + ayy′.
(3.39.a,b)

Integration of (3.39.b) once yields

y′′ =
(y′)2

y
− a

2
y2 + k1, k1 = constant. (3.40)

(3.40) is of Painlevé type [14]. To obtain the canon-
ical forms we have two possibilities, depending on
the leading order α̃ . If A11 �= 0 and A5 = A6 =
A9 = A13 = 0, then α̃ = −1 and A11(z0)u2

0 = 1,
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(r̃ j1, r̃ j2) = (1,2), j = 1,2. The compatibility condi-
tions at (r1,r2) = (2,4) and at r̃i j give that A′

1 +A2
1 = 0.

Therefore, we have

y′′′ = 2
y′y′′

y
− (y′)3

y2 + 4yy′+ k1
y′

y2 + k2y2
y′y′′

y
− (y′)3

y2

+ 4yy′ +
1
z

(
y′′ − 1

2
(y′)2

y
−4y2

)

− k2
y
z

+ k1
y′

y2 +
k1

2zy
, (3.41)

for A1 = 0 and A1 = 1/z, respectively, where k1,k2
are constants. α̃ = −2 is also a leading order, and the
Fuchs indices are (r̃1, r̃2) = (0,2). The canonical equa-
tion is

y′′′ = 2
y′y′′

y
− (y′)3

y2 + 4yy′

+ k1

[
y′′ − (y′)2

y
−2y2

]
+ k2y. (3.42)

For n = 4, we have the following simplified equation

y0 =
3
a

: (r1,r2) = (2,3),

y′′′ =
5
2

y′y′′

y
− 3

2
(y′)3

y2 + ayy′.
(3.43.a,b)

Setting a = 3 and integrating (3.43.b) once yields

v′′ =
(v′)2

v
+ v3 + k1, k1 = constant, (3.44)

where v2 = y. (3.44) is of Painlevé type [14]. If A8 �= 0,
then α̃ = −2 and A8(z0)u0 = 1, (r̃1, r̃2) = (1,2) and
the canonical form is

y′′′ =
5
2

y′y′′

y
− 3

2
(y′)3

y2 +3yy′+
1
6

A′
8

A8

[
y′′ − 3

2
(y′)2

y

]

+ A8
y′

y
− 4

3
A′

8, (3.45)

where A8 satisfies

A8A′′
8 =

2
3
(A′

8)
2. (3.46)

If A8 = k1 = constant, integration of (3.45) yields

v′′ =
(v′)2

v
+ v3 −2k1

1
v

+ k2, (3.47)

where v2 = y and k2 is an integration constant. (3.47)
is solvable by means of elliptic functions.

When (c1, c2) = (3, −2), this case does not lead to
any distinct Fuchs indices.

4. Leading Order α = –3

α = −3 is also a possible leading order of equation
(1.4). By adding the term y2, the following simplified
equation with the leading order α = −3, is obtained:

y′′′ = c1
y′y′′

y
+ c2

(y′)3

y2 + ay2, (4.1)

where a is constant and c1, c2 are given by (1.12),
(1.15) and (1.16). In this case the Fuchs indices r and
y0 satisfy the equations

Q(r)= (r+1)[r2−(13−3c1)r+60−36c1−27c2] = 0,

ay0 = −60+ 36c1 + 27c2, (4.2a,b)

respectively. (4.2.b) implies that there is only one
branch. In order to have positive distinct Fuchs indices,
3c1 and 36c1 +27c2 both must be integers for all five
cases.

To find the canonical forms of the equations, one
should consider the following equations for c 2 = 0 and
c2 �= 0

yy′′′ = c1y′y′′ + ay3 + A1yy′′ + A2(y′)2 + A3yy′

+ A4y2 + A5y′′ + A6y′ + A7y+ A8, (4.3)

y2y′′′ = c1yy′y′′ + c2(y′)3 + ay4 + A1y2y′′ + A2y(y′)2

+ A3y2y′ + A4y3 + A5yy′′ + A6(y′)2 + A7yy′

+ A8y2 + A9y′′ + A10y′ + A11y+ A12, (4.4)

where the Ak are locally analytic functions of z. The co-
efficients Ak can be found by using the same procedure
described in the previous sections.

When (c1, c2) = (3, −2 + 2/n2), n takes the val-
ues of ±1,±3. But n = ±1 does not lead a principal
branch. For n = ±3 we have the following simplified
equation and the canonical form of the equation

y0 = arbitrary : (r1,r2) = (0,4),

y′′′ = 3
y′y′′

y
− 16

9
(y′)3

y2 ,
(4.5)

y′′′ = 3
y′y′′

y
− 16

9
(y′)3

y2 +(k1z+ k2)y′ + k2y,

k1,k2 = constant.
(4.6)
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When (c1, c2)= (3−1/n,−2+1/n+1/n2), n takes
the values of n = ±1,±3. There is no principal branch
and there are no Fuchs indices for n = −1 and n = 1,
respectively. Hence we have the following cases: For
n = −3, the simplified equation and the canonical
equation are

y0 = arbitrary : (r1,r2) = (0,3),

y′′′ =
10
3

y′y′′

y
− 20

9
(y′)3

y2 ,
(4.7)

y′′′ =
10
3

y′y′′

y
− 20

9
(y′)3

y2 + k1, k1 = constant. (4.8)

respectively. For n = 3, the simplified equation and the
canonical equation are

y0 = −6
a

: (r1,r2) = (2,3),

y′′′ =
8
3

y′y′′

y
− 14

9
(y′)3

y2 + ay2.
(4.9)

y′′′ =
8
3

y′y′′

y
− 14

9
(y′)3

y2 −6y2

+ k1
y′′

y
− 3k1

2
1
y2

[
(y′)2 − k1y′ +

k2
1

4

]
,

(4.10)

respectively, where k1 = constant.
When (c1, c2)= (3−3/n,−2+3/n−1/n2), n takes

the values ±1,±2, ±9. But, we have the principal
branch only for n = −3, and the simplified equation
and the canonical equation are:

y0 = arbitrary : (r1,r2) = (0,1),

y′′′ = 4
y′y′′

y
− 28

9
(y′)3

y2 , (4.11)

y′′′ = 4
y′y′′

y
− 28

9
(y′)3

y2 + A3y′ + A4y, (4.12)

respectively, where A3 and A4 are arbitrary locally an-
alytic functions of z.

When (c1,c2) = (3 − 2/n,−2 + 2/n), n takes the
values of ±1,±2,±3. But, we have only the follow-

ing simplified equation and the canonical form which
corresponds to n = 1:

y0 = 1 : (r1,r2) = (4,6), y′′′ =
y′y′′

y
−24y2, (4.13)

y′′′ =
y′y′′

y
−24y2 + k1y+

( k2
1

12
z+ k2

)y′

y
− k2

1

12
, (4.14)

respectively, where k1,k2 are constants.
When (c1, c2) = (3, −2), this case does not lead any

distinct Fuchs indices.

In conclusion, we obtained the canonical forms of
non-polynomial third order equations with the leading
orders α =−1, −2,−3, such that all pass the Painlevé
test. Not the canonical forms, but the simplified equa-
tions, except (2.17), (2.26) and (2.94) given in sec-
tion 2, were considered in the literature before [11, 12].
The simplified equations given in section 2 can be ob-
tained by differentiating the leading terms of the third
Painlevé equation and adding the terms of order −4 as
z→ z0 with constant coefficients, such that y = 0, ∞ are
the only singular values of the equation in y, and they
are of the order ε−3 or greater, if one lets z = z0 + εt.
Hence, these equations can be considered as the gener-
alization of the third Painlevé equation.

In the third and fourth sections, we investigated the
cases of leading order α = −2, −3, which were not
considered before. We found that 20 new canonical
forms of non-polynomial third order equations, namely
(3.6), (3.9), (3.12), (3.15), (3.16), (3.19), (3.22), (3.26),
(3.29), (3.32), (3.36), (3.38), (3.41), (3.42), (3.45),
(4.6), (4.8), (4.10), (4.12), and (4.14), all pass the
Painlevé test.

In the procedure we imposed the existence of at least
one principal branch. i.e. the resonances are distinct
positive integers for one branch. But the compatibility
conditions at positive resonances for the second and
third branches are identically satisfied for each case.
Instead of having positive distinct integer resonances,
one can consider the case of distinct negative integer
resonances. In this case it is possible to obtain equa-
tions belonging to Chazy classes.
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