Non-polynomial Third Order Equations which Pass the Painlevé Test
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The singular point analysis of third-order ordinary differential equations in the non-polynomial
classis presented. Some new third order ordinary differential equations which pass the Painlevé test,

aswell as the known ones are found.
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1. Introduction

Painlevé and his school [1-3] studied a certain
class of second order ordinary differential equations
(ODE's) and found fifty canonical equations whose
solutions have no movable critical points. This prop-
erty is known as the Painlevé property. Distinguished
among these fifty equations are six Painlevé equations,
PI-PVI, which are regarded as nonlinear special func-
tions.

Thethird order Painlevé type equations

y// = F(Z’y7y7y/)7

where F is polynomial in y and its derivatives, were
considered in [4—7]. Some fourth and higher order
polynomial-type equations with the Painlevé property
were investigated in [5—10].

The third order equation (1.1), such that F is ana-
lyticin z and rational in its other arguments, was con-
sidered in [11,12]. [12] starts with a simplified equa-
tion. i.e. an equation which containstermswith leading
order o = —lasz— zgonly:

! 2 /
LYy
v y -y y

(1.2)

V" — (1 (1.2)

+c w+ay;/’+a()/)2+ay2)/+ a
2 ¥ 1 2 3 azy,

where a; = constant, i = 1,2,3,4, v € Z — {—1,0},
cj = congtant, j = 1,2, ¢34 c3 # 0, and investigatesthe
valuesof a; and c; such that the equation is of Painlevé
type.

We consider the third order differential equation

! 3

v -afl o ¥ ki a3
where ¢; and c; are constants, such that ¢2 4¢3 # 0. F
may contain the leading terms, but all the terms of F
are of order e ~2 or greater if welet z= 7o+ t, where e
isasmall parameter, t is the new independent variable
and the coefficients of F are locally analytic functions
of z The equation of type (1.3) can be obtained by
differentiating the leading terms of the third Painlevé
equation and adding the terms of order —4 or greater
as z — Zp with the analytic coefficients in z such that:
i.) y =0, « are the only singular values of the equa-
tioniny, ii.) The additional terms are of order £ =2 or
greater, if oneletsz =7y + et.

If welet z=z5+ et and takethelimitase — 0, (1.3)
yields the “reduced” equation

Yy=c=+4+C, 14
vl (1.4)

where "= d/dt. Substitutingy = yo(t —to)“ into (1.4)
gives
(cr+C—1)a?— (¢ —3)ar—2=0. (1.5)

Letc; +c,—1#0andtherootsof (1.5) be iy =nand
oz = msuch that n,m e Z — {0}, then
(1-m—njci— (n+m)cc+m+n—-3=0, (1.6)

(n—m)2(c1+c2—1)>—cy(c1+2) —8c,— 1=0.
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If n4+m— 10, then
(c2+2)[2(1—m—n+mn)+mncy =0. (1.7)

It should be noted that if c; = —2, then ¢; = 3 and
€1+ C— 1= 0. Sowehave

1 2
(c1,C) = <%(3mn—2n—2m), %(m+n—mn—1))
1.8
whenn+m—1+#£0, ¢ #A#3andc;+c,—1#0.
Substituting
Y 2 Yo(t —to)* + B(t —to) " (1.9)
into (1.4), we obtain the equationsfor the Fuchsindices
intheform
r(r+21)[mr+2(n—m)] =0, and
rr+21)nr—2(n—m)=0

for ¢ = nand a = m, respectively. So, the Fuchs in-
dicesare,

2n
(r07 rg, r2) — (_ 1: 07 2— E)?

2m
(rOa r, r2) = (_ 17 Oa 2— ?)
for o = nand oo = mrespectively. In order to have dis-
tinctindices, if p=2n/m, q=2m/nthan p, g € Z and
satisfy the Diophantine equation pg = 4. By solving
the Diophantine equation for p, g and using the sym-
metry of (1.8) with respect to n and m, one gets the
following 3 casesfor (c1, Cp):

(1.10)

(1.11)

1. (Cl7 Cz) = (3, -2+ %),

1 11

2 (c1702)=(3—ﬁ,—2+ﬁ+ﬁ>, (1.12.a,b,c)
3 3 1

3. (C1,C2)2<3—ﬁ,—2—|—ﬁ—?>.

Ifn+m—1=0,(1.6)andci+c;—1+# 0imply that
Co = —2and ¢y # 3, respectively. Then

3n°—-3n+2
ene) = (Simg 2

n#0,1 andcy # 3.
Similarly, substituting (1.9) into (1.4) with the values

of (c1, c2) given in (1.13) gives the equations for the
Fuchsindicesin the form

r(r+1)[r(n—1)+2(1-2n)]=0, and
r(r+21)[nr—2(1—2n)]=0

(1.13)

(1.14)
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for o« = nand ¢ = m= 1-— n, respectively. In or-
der to have distinct Fuchs indices for both branches
o =nand oo = m, nmust takethevalues —1, 2. There-
fore, whenn+m—1=0and c1+ c; — 1 # 0 we have
(c1, €2) = (4, —2), which can be obtained from (1.12b)
forn=—1.

In the case of the single branch,i.e. ¢+ ¢, — 1 =0,
let @ =ne Z—{0}, theFuchsindicesarer = —1,0, 2,
and the coefficients (c1, ¢p) are

4. (c1,C) = (3_ % 2+ 2). (1.15)

n
Ifci+c,—1=0andc; = 3,thenc, = —2. So, asthe
fifth case we have
5. (c1,¢)=(3,-2). (1.16)
Thus, we have five cases, (1.12), (1.15) and (1.16),
and all the corresponding equations pass the Painlevé
test. Moreover, if one letsy = u™ in (1.4) with the co-
efficients (¢, ¢2) given by (1.12) and (1.15), and inte-
grates the resulting equation for u once, then u satis-
fies alinear equation or is solvable by means of ellip-
tic functions. For (c1, ¢z) given by (1.16), (1.4) yields
=0 if we let u=y/y and integrate the resulting
equation twice. Therefore all five equations have the
Painlevé property.

2. Leading Order o =1

Equation (1.4) contains the leading terms for any
o € Z — {0} as z— 2. In this section we consider
the case oo = —1. By adding the terms of order —4 or
greater as z — Zp, we obtain the equation

. 3
V=l el e ey

+ agy?y +ay* +F(v.Y. Y, 2),

wherea;, i =1,...,4areconstantsand Fj, j =1,2:

Fi=Ay’ +A2¥ +Agyy + Asy® +A5%

1
+ A63/+A7)/2+A8§ +A9Y+A10+A11§,
2 !
Fo=Ay' + Az—%) +AsyY +Asy® +A5yy

2 /
- Ae(%) +A7>/+Asy2+Agé +A10% +Auty
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1 1
+ AlZXZ +Az+Au=- +As 5, (22.ab)
Y’ y Yy
if c; =0and c; # 0, respectively, and where Ay (z) are
locally analytic functions of z (2.1) contains all the
leading terms for oo = —1, if we do not take into ac-
count Fj.
Supposethat (1.12), (1.15) and (1.16) hold and sub-
stitute [13]
y=yo(z—20) '+ B(z—2) (23
into (2.1) without F1. Then we obtain the following
equations for the Fuchs indices (resonances) r and yq

Q(r) = (r+ 1)[r2 — (aqyo+ 7 — C1)r + 3(6— 2¢;, — ¢)

+ 2(2a; + ap)yo — agy3] = 0, (2.4.a,b)

agys — agyg + (2a1 + ap)yo+ 6 —2c1 — ¢, = 0,

respectively. Equation (2.4.b) implies that, in general,
there are three branches if a4 £ 0. Now we determine
Yoj, 1 =1,2,3, and &, i =1,2,3,4, for each case of
(c1, €2) such that at least one branch is the principal
branch, i.e. al the resonances are positive and distinct
integers (except ro = —1). A¢ can be determined by
using the transformation

(2.5)

which preserves the Painlevé property, where u and
p arelocaly analytic functions of z and the compati-
bility conditions at the Fuchs indicesr j; and the com-
patibility conditions corresponding to parametric ze-
ros; that is, the compatibility conditions at the Fuchs
indices 7'} of the equations obtained by the transfor-
mationy = 1/u.

According to the number of branches, the following
cases should be considered separately.

Case |. az3 = az = 0: In this case there is one
branch. If ro = —1 and (r1,ry) are resonances, then
(2.4.b) implies that

—(2a1+ az)yo =Tr1rp =6—2C; —Cp,

(2.6)
ri+rap=ayo+7—Cs.
In order to have a principal branch,
6-2c1—cp=k, keZ;. 2.7
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When (cy, ¢3) = (3, —2+ %), (2.7) impliesthat n =
+1. Then yg # 0 and arbitrary, the Fuchs indices are
(r1,r2) = (0,4) and the simplified equationis[12]

,,_y’_)/’
)/_Sy.

Integrating (2.8) once yieldsy” = kyy3, wherek; isan
integration constant.

In this case, the canonical form of the equationis
g3 v)?

'
T +A1)//+AZT +A3y3/+A4y3+A57

(2.8)

1
+ Ay + Ay +A8§ +A9Y+A10+A11)—/. (2.9)

Az = 0, otherwise oo = —2 is of leading order. The
transformation (2.5) alows one to take A1 = A, = 0.
If we substitute

(z-20) 4+ Sz 2)

y (2.10)

i=0

in (2.9), then the compatibility conditionat r , = 4 gives
that A, = A;=0and

AL+ Ao — Ay =0, A{ —2A5 = 0. (2.12)
If welety=1/u, then (2.9) yields
uu” = 3u'u’ + As [UPu” — 2u(U')?] + Aguul

+ AglPU’ — Agu® — Agou® — Agqu®. (2.12)

0 = —1 is the possible leading order of u as z — zg,
if As = A1 = 0 and the Fuchs indices are (1, f2) =
(0,4). The compatibility condition at F, = 4 together
with (2.11) gives Ag = k; = constant, Ajg = 0, Ay =
A{=0and

Ky (A§+ 2Ag) = 0.
If k; = O, then the canonical form of the equation is

W' =3YY' + (kez+ka)yy + kay”.

If oneletsy = €’ and V' = w, then (2.14) yields the
second Painlevé equation. If ky # 0, then we have

v = 3yy' — (2koz—ka)yy + kay + koy?, (2.15)

wherek; = constant for i = 2, 3. Integrating (2.15) once
yields

(2.13)

(2.14)

y' =kay* + %(Zkzz— ks)y — %, k4 = constant. (2.16)
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(2.16) is of Painlevétype[14].
When (c1, ¢) = (3—1/n,—2+1/n+1/n?), (2.7)
implies that n = +1. For n = —1, yg = arbitrary # 0,

rz=3,(ry,r2) = (0,3)
i 3
”:4ﬂ—2(yl—). 2.17
y y V2 (2.17)
Integration of (2.17) onceyields
2
y' = %(VT) + kgy?, kg = constant, (2.18)

which is solvable by means of elliptic functions.

After adding the non-dominant terms F, given by
(2.2.b), the leading order is « = —1 if A3 = 0. The
compatibility condition at r, = 3 implies that As =
Ag = 0. On the other hand, if Ag = 0, then the leading
order of u=1/yasz— zy is & = —1. The following
two cases may be considered separately:

If Az # 0 and Ags = 0, then Agp(20)u3 = 2 and the
Fuchsindices of u are (f'j1,fj2) = (1,4), j = 1,2. The
compatibility conditions at 'j; of both branches of u,
together with the compatibility condition at ro, give
that Ax = Ofor all k except A7 = kg, Ag =ko, A1p = ks,
ki = constant, i = 1,2, 3. Then we obtain the equation

YY" =4y —2(y)° + kY’ + Koy + kay . (2.19)

If Ass # 0 and A = O, then As(z0)ud = -2,
(Fj1,fj2) = (2,3), j = 1,2,3. The compatibility con-
ditions at fj;i of all the three branches of u together
with the compatibility condition at r, give that Ag =
ki, Ais = ko, ki=constant, i = 1,2, and the rest of the
coefficients Ax = 0. Then we have

YY" = ayyy' -

For n = 1, the Fuchs indices and the simplified equa-
tion are

V)2 + ke + ko (2.20)

Yo= —E D (r,r2)=1(1,2), , 0
) 221a
Y= % Faly' — ().

Equation (2.21.b) does not passthe Painlevétest, since
the compatibility condition at r, = 2 is not satisfied
identically. (2.21.b) was considered in [12].

When (c1, ¢2) = (3— 2, -2+ 2 — 3), (27) implies
that n= £1. For n=1, (cy, ) = (0,0). This case
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leads to a polynomial type equation. For n = —1, let
ri1 =0, thenyg = arbitrary # 0, r, = 1 and

i_gYY gV )°
=6— —6-—5—. 2.22
y" = y ¥ (2.22)
If welety=1/u, then (2.22) yields u” = 0. Equation

(2.22) was considered in [12].

By adding the non-dominant terms F» and applying
the same procedure, we obtain the foll owing canonical
form of the equations: If Ag = Ajs = 0 and A12(2) #
O, thenu=(1)y) ~ (z—2z) tasz—z (&= -1),
the Fuchsindicesare (f1,72) = (3,4) and the canonical
form of the equationis

YY" =6yyy' —6(y)%+4(Z +k)yy
+ 12zyy — 42y° + 6y + 4y?, (2.23)

where k; is a constant. If Ag = A = Aiu =Ai5=0
and Ajo(z) # O, then & = —2, (f1,f2) = (4,6) [6], and
the canonical form of the equationis

VA" = Byyy' —6(y)3+ % YY" —2y(y)?]
n (% n 623>y4 +12yy - 122°+ gyz (2.24)

= 6yyy’ —6(y)3+ (%Z -~ k2>y4 — kay® + 12yy,

where k; and ky are constants. If Ag = Ajg = Aip =
Asz = Ay = Ags = 0, then u satisfies a linear equation
and the canonical form of (2.24) is

YY" =6yyy' —6(y)* +Adly’y' —

+ AY?Y + Agy* + Anry?, (2.25)

where A;, A7, Ag, A11 are arbitrary locally anaytic
functions of z.

When (c1, ¢2) = (83—2/n, —2+2/n), (2.7) implies
that n=+1,+2. For n= —1, let ry =0, then yg =
arbitrary # 0, r, = 2 and the simplified equation is

! 3
y' = % - 40;2) . (2.26)
Integration of (2.26) onceyields
y' = W +kiy?, k=
= 1y°, ki = constant, (2.27)

which is solvable by means of elliptic functions.
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If we add the non-dominant terms F, givenin (2.2.b)
to (2.26) then we should set Az = 0, in order to have
the leading order o« = —1. The transformation (2.5)
and the compatibility condition at ro, = 2 imply that
As = Ag = 0 and Ay = Ag = 0, respectively. On the
other hand, if Ag = A5 =0and Aj» #0,then o = —1,
A12( )UO =4 and ( i1, 12) (2,4), j =12 The
compatibility conditions at fjj imply that all the co-
efficients A are zero except Ajp = ky and Agx = ko,
ki = constant, i = 1,2. Therefore, the canonical form
of the equationis

YY" =5yY' —4(Y)° + kayy +kay .

For n =1, (2.6) implies that riro = 4. Then the
Fuchsindices and the simplified equation are

(2.28)

(I'17 I’2) = (1, 4),

' +2(y)%.

_ 1

Yo = a

!
yl//_yy +a

(2.29.a,b)

(2.29) was also considered in [12]. If onereplacesy by
Aysuchthat ajAd = —1andletsy=1/u, (2.29.b)yields

2 ///

u?u” = suu'u” — 4(U)3 —uu” +4(U)2. (2.30)

(2.30) does not pass the Painlevé test. Hence (2.30),
and consequently (2.29) is not of Painlevé type.

For n = 2, yyp, the Fuchs indices and the simplified
equation are

Yo = —i o (r,r2) =(1,3),
s (2.3Lab)
Y= %—%—Ha W+ ()2

respectively. (2.31.b) was considered in [12], and its
first integral is

)
Y= y

+ayyy + ki, kp=constant. (2.32)

(2.32) isof Painlevetype [3, 14].

If we add the non-dominant terms to (2.31), the
leading order ¢ depending on of u as z— zg, we have
the following canonical form of the equations: If & =
—1then (Fj1,fj2) = (1,2), j = 1,2. The transforma-
tion (2.5), the compatibility conditionsat i, i, j = 1,2,
and the compatibility conditionsat (r1,r2) = (1, 3) are
enough to determine all the coefficients Ay in terms
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of A;1. Then, one gets the following canonical form of
the equation

VY =20y — (V) =V YY)
+ ALY YY) HYY] A (233)

+ (A = ALADY* + Ara(Y +Y?) — AtAny,

where A€1_2 = 2A1A10.

If &t = —2,then As = Ag = Ajg = A1p = A5 =0, and
(F1,F2) = (0,2). The compatibility condition at fo = 2
givesthat Ag=A;3=0and A; = A/l’ A1 = A/l/ —A/lAl.
Then, the canonical form of the equationis

YY" =20y — (V)2 =YY —YA(Y)?
+ ALY —YIY)? + VY] + Ay

+ (A = AA)Y,
where A; isalocally analytic function of z
For n= -2, sincerir = 1, r = 41 are the double
Fuchsindices.
When (c1, ¢2) = (3, —2), Yo, the Fuchsindices and
the simplified equation are

(2.34)

YOz—aii (r,r2) =(1,2),
' . (2.35)

(2.35) was also considered in [12].

If one adds the non-dominant terms, then & = —1
when Ag=—2A5,A0=A12=Ai5=0 and A5(Zo)Uo =
—1, (F1,F2) = (1,2). Therefore, the canonical form of
the equationis

VY" = 3wy —2(y)? -y
+ A [V =202V - Y]
+As [y = 2(Y)?] + Ay +yh
+ (285 — 3A1A5)YY + Apry®

— (AL — ALAL — AsAr)y? — AlAYy,  (2.36)

where A;, As, A7 and A1 are arbitrary locally analytic
functions of z.

Casell. az3#0, as=0: Ifyoj, j =1,2, areroots
of (2.4.b), and (rj1,rj2) are the Fuchs indices corre-

sponding to yo;, then let
=12

riarj2 = P(Yoj) = pj, (2.37)
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where
P(yoj) = 3(6 — 2c1 — C2) + 2(2a1 + a2)Yo;

and p; € Z—{0}. In order to have aprincipal branch, at

least one of the p; should be a positive integer. Equa-

tion (2.4.b) gives
. 6—2c1—0C

B=——"—""),

2a1+ap = az(Yor+VYo2). (2.39)
Yo1Yo2

Then (2.38) can be written as

P(Yo1) = (6—2c1—¢p) (1 - &> ,
Yoz (2.40)

P(yoz) = (6— 201 — Cz) (1— E) .
Yo1
If pp2 # 0 and 6—2c1 — ¢ # 0, then p; satisfy the
following hyperbalic type of Diophantine equation

1 1 1

—_—t = 241
pr P2 6-2c1-0C (24D)

For each solution set (p1, p2) of (2.41) one should find
(rj1,rj2) such that rj, i = 1,2 are distinct integers
andrjirj> = pj. Thenyp; and & can be obtained from
(2.39), (2.40)and rj1 +rj2 = aryoj — C1+ 7.

When (cg, ¢2) = (3, =2+ 2/n?), the Diophantine
equation (2.41) takes the form

1 1 n?
I L ) 2.42
pL P2 2(n?-1) # (242)

The genera solution of (2.42) is

2(n>—1) +d
plzi( )+ d

)

2(n?—1) (243)

d

[14— ] , N=#0,
where {d;} is the set of divisors of 4(n?>—1)% # 0.
When n = 13, (2.43) gives (p1, p2) = (2,16), which
does not lead any Fuchs indices. (p1, p2) = (1,—3),
(2,6), (3,3), when n = +-2. We have distinct Fuchs in-
dicesfor both branchesonly for (p1, p2) =(2, 6), (3, 3).
If (p1,p2) = (2,6), we have

1
Yor=——1 (r,r) =(1,2),
a1
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3
Yoo = (r21,r22) = (1,6), (244.a,b,c)

" __ yy” 3(yl)3 / 2 1
y"' = 37 T3y +a1[y3/ —() +§aly2)/}-
(2.44.c) does not pass the Painlevé test since the com-
patibility condition at ri» = 2 is not satisfied identi-
caly.

If (p1,pP2) = (3,3), the Fuchs indices and the sim-
plified equation are

3

)’%1 = 2_a37y02 = —Yo1: (rjl7rj2) = (1:3)7 ] = 1727

y/// _ 3)/7)// _ §@ =+ a3y2y, (2.45.a,b)

2 y2
(2.45.c) was adso considered in [12]. Integration of
(2.45.c) onceyields,

y'—l(y)2+ Y2 rky?, k= 2.46
_ET azy” +kiy°, ky=constant. (2.46)
which is of Painlevé type[14].

After adding the non-dominant terms F, given in
(2.2.b) to (2.45), the leading order & of uasz— z
isa=—1and (Fjl,sz) = (1,3), j =12, if Ao 7§ 0,
As = Ag = Ag = A5 =0and A]_z(Zo)U(z) = 3/2. Then,
we have the equation

VY =3y~ () v Hay ey, (247

where kq, ko are constants. Integration of (2.47) once
yields

r_ (y/)Z 3 ka
y' = W+§y3+k3y2_k2y_3_y’

ks = constant.
(2.48)

(2.48) is of Painlevétype[14].
When (c,¢2) = (3—1/n,—2+ 1/n+ 1/n?), the
general solution of the Diophantine equation (2.41) is

2n?+n—1+d
plZTa
~2n4n-1 1+2n2+n—1} n£0. (249)
p2_ n2 dl ) ) .

where {d;} isthe set of divisorsof (2n?+n—1)2+#0.
Whenn=1, (p1, p2) = (1,-2),(3,6), (4,4). Only the
solutions (3,6) and (4,4) give distinct Fuchs indices
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for both branches. The Fuchsindices and the simplified
equations for these cases are as follows:

For (1. P2) — (3.6),
Vo= 5t (ri) = (L3),
Yo2 = a% o (ra,r2) = (1,6), (2.50.a,b,c)
v = 2L ey~ )+ anfy].

(2.50.c) does not pass the Painlevé test, since the com-
patibility condition at ri1» = 3 is not satisfied identi-
cally.

For (p1, p2) = (4,4),
2 .
Yor = ag Y2 = ~Yor: (rinri2) = (1,4), j=1,2
y" = W + agy?y. (2.51.a,b)
(2.51.b) was also considered in [12]. Integrating
(2.51.b) onceyields,
y' =agy®+ kiy?, ki = constant. (2.52)

(2.52) is of Painlevétype[14].

If we add the non dominant terms, then the leading
order of uasz— zg is @ = —1 and (f1,f2) = (0,3)
when As = 0. The canonical form of the equationis as
follows:

w =2y + 2% + kiyy, ki = constant. (2.53)

(2.53) wasalso givenin[11]. Integration of (2.53) once
gives

2y3+k2y2——

(2.54) is solvable by means of the elliptic functions.
When n = £2, +3, the solutions of the Diophantine
equation (2.49) do not give any Fuchsindices.
When (c1,¢p) = (3—3/n,—2+3/n—1/n?), the
general solution of the Diophantine equation (2.41) is

ko = constant. (2.54)

2n+3n+1+di

=
p 2

)

2n?+3n+1
+ +[1

Jr2n2+3n+1
n2

2 ] n+#0, (2.55)

p2=
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where {d;} isthe set of divisorsof (2n?+3n+1)2#0.
It should be noted that, c; = ¢, = 0 when n= 1. For
n = 2 we have (p1, p2) = (3, —15), (4, 60), (5, 15),
(6, 10), but only (p1, p2) = (3, —15) givesthe distinct
Fuchs indices for both branches.

The Fuchsindicesand the simplified equation of this
case are

Yo1 = —% o (ru,re) =(1,3),
Yo2 = —g . (r21,r22) = (—57 3), (2.56)
1 3ylyl/ 3 (yl) /
y' = QT_Zy——i_a 1 [y + ]——alyz)/

Without loss of generality, one can set a; = 3/2, then
integrating (2.56) onceyields

y =30 By Ly

2y (2.57)

ki, = constant.

This case was aso given in [12], and (2.57) is of
Painlevétype|[3, 14].

If one adds the non-dominant terms, then & = —2
and (F1,f2) = (0,1). The transformation (2.5), the
compatibility conditions a (ri1,r12) = (1,3),rx = 3
and the compatibility conditionsat f, = 1 allow oneto
determine all the coefficients Ax. Hence,

VY = 2y 2 5 Y YY)

SOV A (259

where A7 isan arbitrary analytic function of z. Integra-
tion of (2.58) onceyields

2
y'= Z()/_) - —y)/— —y3+A7y+k17
y
where k; is an integration constant. (2.59) possesses
the Painlevé property [3, 14].

Forn= -3, -2, (p1,p2) = (1,—10) and (py1, p2) =
(1,3), respectively. But for both cases there are dou-
ble Fuchs index at +1. For n = 3, the only solution
of (2.55) is (p1, p2) = (4,14). This solution gives the
Fuchsindices (r11,r12) = (1,4) for thefirst branch, but
no Fuchsindices for the second branch.

(2.59)
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When (c1,¢2) = (3—2/n,—2+-2/n),thegenera so-
lution of Diophantine equation (2.41) is
2(n+1)+d
pp=—"—"7-",
n
2 1 2 1
0p — (”: ) [1+ (”df )], n£0, (260)
|

where {d;} is the set of divisors of 4(n4 1) # 0.
(p1, P2) = (2,—2(n+ 1)) isaparticular solution of the
Diophantineeguation which correspondstod; = 2. The
Fuchs indices and the simplified equation correspond-
ing to this case are as follows:

+
) D (ru,re) =(1,2),

: (r21,r22) = (—(1—|— n),2),

/ 3
reC DYDY

n/ y2

alyz)/] n+£0,—1,-3

(2.61.a,b)

+ a1 {y)/’

Without loss of generality, we canset a; = 1+ 2/n. If
oneletsy = —u'/u, and then u’ = V", the |ast equation
(2.61.c) yields

w’ =vv'.

n+2

(2.62)

Integrating (2.62) once gives a linear equation for v.
Therefore (2.61) is of Painlevé type and was also con-
sidered in [12].

In particular, for n = —2, (2.60) implies that
(P1, P2) = (2,2). Then yp;, the Fuchs indices for
both branches and the simplified equation are as fol-
lows[12]:

1
yS]_:_,

ag

Yoo = —Yor: (fj1,rj2) = (1,2),j =12, (263)

n_ Y a)°
= ——3—+ay2 :
)/ y y2 3 )/
Integrating (2.63) onceyields

W) _
y'= y +agy® + kyy?, ki = constant. (2.64)

(2.64) isof Painlevé type [14].
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After adding the non-dominant terms, one finds the
following canonical form of the equations. If Ag £ 0,
As = —3As and Ag = Ajp = Ais = 0, then & = —1,
As(zo)up = —1 and (f1,f2) = (1,3). The canonical
form of the equationis

VY = ayyy'—3)* 1YY +As '~ )7+
+3ayy ALY, 265)

where Ag isalocally analytic arbitrary function of z. If
A #0,and As = Ag = Ag = A5 =0, then o = -1,
Ax2(20)u3 = 3and (Fj1,Fj2) = (2,3), j = 1,2. The com-
patibility conditions at the Fuchs indices give

3A, 1 /A,
/o 20 TM2 12
Ao 2A A1°+2(A1
31 3AL,

All == _ZA A10A10+ 8A 10
1

§A€|.27

)Alo_O

ARA = (Ap)?, A= —

Al
Asz = —A; 127
13 1°+4A 10-

Therefore, if Ajp = ky = constant £ 0, then the canon-
ical form of the equationis

(2.66)

YY" =4ayyy' —3(Y)? + VY + (ko + ka2)yy + kay

= 38 -+ Ky ko (267)
1

wherek, and ks are constants. If Aqp = ko€2, kqky £ 0,
then the canonical form of the equationis

YY" =4y’ = 30)°+YY + (ke 4 ka2 yy

+ koelizy 3 k1K3 (kgeklz k4eklz/2> V3

- %kl (3ngk12+ k4ek122/2) Y2 — %klkzeklzy,

(2.68)
wherekj = constant, i =1, ...

0, Ag =
As(Zo)upr = —2: (f11,f12) =

A 1f As £ 0, Ag= A5 =
—2As and App = —As/2, then & = —1 and
(1,2), As(z0)ugz = —6:
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(F21,f22) = (—3,2). The canonica form of the equa-
tioninthiscaseis

2y" = ayyy' —3(Y )3+ +As [y — 2(y)?] (2.69)
+ gA%y}/ + Ay — %Aé)/ - %Agyz + L—llAsA{sy,

where As,A11 are arbitrary locally analytic functions
of z Similarly, for n = 1 one can obtains the fol-
lowing canonical form of the equations, such that the
corresponding simplified equation is not contained in
(2.61.0):

W =YY + 45 +kay?y
— (wz k3>)/—|- k2y2+ kl—:z,

6
) + 2y - 2y

(2.70)

W' =YY A+ (-

K ko kq K kiko

(§_7>y2+<@_108z3+ 62
KB ki ks

+(@‘ﬂ 327 )

+ k3> y
2.71)

W' =YY AP [ 2/ Ay

o= ]« (- '2)
(2 e Sy (S ),

144 12 6

when (Al, Az) = (07 0), (A]_, Az) = (1/2, 0) and
(A1, Ap) = (A, — A2)/Az, 1/2), respectively, where ki
are constants. Integration of (2.70) and (2.71) yields

(2.72)

= 2y3 + kay? + (koz+ ka)y + —kz+ ks, (2.73)

V' =23+ (kaz— ko)v — (ks + %)
respectively, where k, is an integration constant and
v=y+ (ki/62) in (2.74).

When (c1,c2) = (3,—2), the solutions of
the Diophantine equation (2.41) are (pi1,p2) =
(1,—-2),(3,4),(4,6). (1,—2) gives a double Fuchs
index and the others do not lead to any Fuchsindices.

(2.74)
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Case lll. a4 #0: In this case there are three
branches corresponding to roots yoj, j = 1,2,3, of
(2.4.b). Equation (2.4.b) implies that

3 6—2c1—0Cp

1;[)/01 = a4 9

3 1 3 a

Y voiyoj = — (a1 +a2), Y Yoj = = (2.75)

i#] =1
Let

P(yoj) = 3(6 — 2¢1 — C2) 4 2(2a1 + @2)Yoj
—agygj, | =123 (2.76)
If the Fuchsindices (exceptrjo = —1) arerji, i = 1,2,
corresponding to yo;, then (2.4.a) implies that
HrJ. = P(yoj) = pj- (2.77)

In order to have a principal branch, p; should be inte-
gers such that at least one of them is positive. Equa-
tions (2.75) and (2.76) give

3
py=(6-2c-c2) [] (1- y‘“),j_lzs
1=1, 1#]j
(278)

and hence p; satisfies the Diophantine equation

1

S 1
; P S——. (2.79)

If T1}_1 pj # Oand 6—2c1 — ¢, # 0; from (2.78) one
has the following system for yo;:

p1(Yo2 — Yo3) = WYo1,

P2(Yos — Yo1) = 1Yo, (2.80)

P3(Yo1 — Yo2) =

where

UYos,

6—2c;—C;
= 2122 (yon — Yoo) (Yoz — Yos) (Yor — Yoa)-

(2.81)

Yo1Yo2Yo3
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On the other hand, (2.78) givesthat

ﬁ 6 ZCl—Cz)[,L . (2.82)

Then, if a; #0 (notethat rj1+rj2=ayoj —C1+7)

then (6 — 2c; — cz)u > 0 and area number. There-

fore, H‘?:l pj < 0. That is, if py > 0O, then either p, or

p3 is a negative integer. So one should consider cases
= 0and a; # 0 separately.

I11.A. a;=0: From(2.4.a), onehas
rjii+rj2=7-cu. (2.83)
Thusc; isaninteger. Since
(rjn—rj2)? = (rj+rj2)? — 4rjarj2, (2.84)

(7—c1)? — 4p; is a perfect square. Then for each five
cases one can determine pj. By using the system (2.80)
and (2.75), one obtains yo; and am, m= 2,3,4.

When (c1, ¢z) = (3, =2+ %), since ¢, = 3, (2.84)
and (2.83) give

(rjp+rj1)>=16—-4p;, j=1,23 (285

So 16 — 4p, must be a perfect square. If we let
p1, P2 > O, then (2.85) impliesthat p; = p2 = 3. The
Diophantine equation (2.79) impliesthat ps isan inte-
gerwhenn=+1.But6—2c; —c; =0whenn=+1.
When (c1,¢2) = (83— %, -2+ £+ %), crisaninte-
gerand 6 —2c1 — ¢y #Z 0 only if n= 1. The Fuchsin-
dices and the simplified equation for this case are [12]

0j :_a : (rjl7rj2):(233)7 ] :172737
!
y" = }/;/ +agy*. (2.86.a,b)

If we add the non-dominant terms to (2.86), then

= —1, up = arbitrary # 0 and the Fuchs indices are
(rl, f2) = (0,3). The transformation (2.5), the compat-
ibility conditionsat (rj1,rj2), j =1,2,3,andat (1, 2)
imply that Ay =0, k=1,...,11. So the canonical form
of the equation is the simplified equation (2.86.b).

When (c1,¢2) = (38— 3,-2+2- %) cieZim
pliesthat n=+1,+3. But only forn= -3, 6 —2c1 —
C2 # 0, ¢+ ¢4+ 0and the Fuchs indices are distinct
for al three branches. The indices and the simplified
equation for this case are
(1,2),

1
Yor=—5—": (Mra,re) =

3a,
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Yo2 = 3%2 s (ra,r2) = (1,2),
Yoz = % . (r31,r32) = (—2, 5), (2.87.3— d)
y" = 4% 298 ();;2) +ag [(Y)?+ 6agy’y +3a3y"] .

(2.87.d) does not pass the Painlevé test, since the com-
patibility conditions are not satisfied identically.

When (c1, C2) = (3— 2, —2+2), ¢; € Zimpliesthat
n= 41,42, For these values of n, there are no distinct
Fuchsindicesfor all branches.

When (cg, ¢2) = (3, —2), the solutions of the Dio-
phantine equation (2.79) do not give distinct Fuchsin-
dices.

I11.B. a # 0: Once the solution set p; =
rirjz, j =1,2,3, of (2.79) is known, yo; and &, i =
1,2,3,4, can be determined from the equations (2.80),
(2.75) and

rj1+rj2:a1yoj+7—cl, j=123. (2.88)

When (c,c2) = (3, -2+ ), (p1,p2,ps) =
(2,4(n—1),—4(n+1)) is a particular solution of the
Diophantine equation (2.79), and . = +4n. The Fuchs
indices are distinct only for u = —4n. The indices and
the simplified equation for this case are

Yo = _ai C(rusre) = (1,2),
1
Yoo = aL D (ra,r2) = (4,n-1),
1
Yo3 = _nail D (rag,ra2 = (4,—(n+1)),
1
" __ )/y” 2(n2 — 1) (y/)3
e T A y—z
+a [W’ alyzl/ YA}
N+ 0,41, +5. (2.89.a— d)

(2.89.d) was aso considered in [12]. If one letsy =
u'/uand u’ = V" then (2.89.d) yields
w" =3vv'. (2.90)

Integrating (2.90) once givesv” = k;V°, k; = constant.
If kg =0, thenv=koz+ ks, kj = constant, i = 2,3. If
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ki # O, then v =Y (Vg4 (z— 20)% 1, where zg is arbi-
trary. Since U’ = V", in order to u, and consequently
y, being single valued, it is necessary and sufficient
that U’ does not contain the term (z— zo) 1. That is
n+#0,£(1+4m),whereme Z,..

Particularly for n = 2, after adding the non-
dominant termsto (2.89), & = —1isthe possible lead-
ingorder of u=1/yasz— zyif Ajp #0, As = Ag =
Ag = Ags = 0 and Ap(20)u3 = 3/2. The Fuchsindices
are (fj1,fj2) = (1,3), j = 1,2 and the canonical form
of the equationis

VY =3y~ 3Py + 3R Y

+ }y6+ (%22+ koz+ k3> (Y2 +v)

2k k
- (?12+ o)y +kay + 3V
wherek; = constant, i = 1 2,3.

When (cy, ¢o) = (3— 1%, —2+1+ 7) (P1, P2, P3) =
(2,6(2n—1),-3(n+ 1)) is a part|cular solution of
(2.79). Then the system (2.80) has non-trivial solution
if u = +6n. For both values of u, we have the follow-
ing simplified equations:

(2.91)

n+1

Yo1 = s D (ru,re) =(1,2),
2

o=~ (1 12) = (3 -0+,

Yoz = % . (I’317I'32) = (6, 2n— 1)
Yy’ 1 1\ ()?

Y = (3— ﬁ) e (2— - ?) 7 (2.92.a—d)
) - o ) Y

n+1 y“} n+#0,—1,—4.

(2.92.d) was also considered in [12]. Substitution of
y=U'/uin (2.92) and then letting u’ = V" give the fol-
lowing equation for v

W' =20V (2.93)
Integration of (2.93) once gives VvV’ = kg2,
ki =constant. If ki = 0 then v = koz + ks,
ki =constants i = 23. If k3 # 0, then
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V= 37 0Vei(z— 2)%72, 2z =abitrary. Therefore,
ifn#-3m—1 m=0,1,2, ..., uand consequently y
isasingle valued function of z

In  particular for n = 1, (p1,p2,P3) =
(3,5,—-30), (2,N,—N), N € Z, exist solutions
of (2.79). For (p1,p2,p3) = (3,5,—30), the system
(2.80) has a non-trivial solution if u = +15. Only
the u = —15 case gives distinct Fuchs indices for all
branches. The simplified equations for this case are as
follows:

1
Yoo =——" (fure) = (13),
a
1
Yoo = — : (ra1,r2) = (1,5),
a1
Yo3 = _a_l . (I’317I'32) = (—5, 6), (2.94.3.— d)
!
v =22 ey Sy 7+ 2my - Sy,
Letting al = —1, integrating (2.94.d) onceyields
y' = g(yT) += y3 +kq, ki = constant,  (2.95)

which is solvable by means of eliptic functions [14].
After adding the non dominant terms & = —1if Ag =
0, theindices are (f1, f2) = (0, 3). Then the canonical
form of the equationis

W' =2y Y+ oy
ki = constant. (2.96)

For (p1,p2,P3) = (2,N,—N), (2.80) implies that
u==N.For u =N,y =0, and u = —N we have
the following equation:

2+ 2% + %ys-i-kl)ﬂ

)/U_ M+a [W/ l:ll_+N122 )/) 4— N2aly2)/
+ N2 y“} N#£+2,  (2.97)

with a1y = =2, ayoz = (N — 2)/2, ayos =
—(N+2)/2,and (r11,r12) = (1,2). The Fuchsindices
for the second and the third branches satisfy the fol-
lowing equations, respectively,

2 _N+8
2i 2

8—N
r§i+— rsi—N=0

rai + N= 07
(2.98)
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The compatibility condition at r1» = 2 is not satisfied
identically unlessN = 6. Then from (2.98), theindices
are (ro1,r») = (1,6) and (ra1,rs2) = (—2,3). The cor-
responding simplified equation is (2.92) for n = 1. If
one addsthe non-dominanttermsthen, (f1,f,) = (0, 3).
The transformation (2.5), the compatibility conditions
at (ri1,ri2) = (1,2), (ro1,rz2) = (1,6), r;; =3 of y
and the compatibility conditions at the Fuchs indices
of u imply that all the coefficients Ax are zero ex-
cept Agg = kg = constant. So, the canonical form of the
equationis
w'=2yy' - 27 Y+ kay.
(2.99)

2%y +3y(y)?

When (c1,6) = (3 — 3/n,—2 4 3/n — 1/n?),
(p1,P2,P3) = (2,2(2n+1),—(n+ 1)) is a particular
solution of (2.79). For these values of p; the system
(2.80) has a nontrivial solution if u = +2n. Only for
u = 2ntherearedistinct indicesfor all three branches.
The indices and the corresponding simplified equation
are

Yo1 = —%3 D (r,rz) =(1,2), (2.100.a—d)
v =~ TEIEED - (r1,0) = (— (20 1), -2),
yo =~ IO (1, rg) = (- (n+2).2),
y=a(1-3 (-2 1))
ray {yw gV g Y
n+3 y“] n#-1,-2,-3.

(2.100.d) was also considered in [12]. Substitutingy =
u'/uin (2.100) and letting u’ = V" gives

v’ =0. (2.101)
(2.101) has the solution v(z) = k1Z° + koz+ k3, ki =
constant. Therefore, the zeros zg of v are singularities
of U when n < 0. Hence, it is necessary and sufficient
that n > 0, that u’ does not contain the term (z— zg) 2.
Then movablesingularities of u and consequently y are
poles only.
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If welet n = 2 and add the non-dominant terms, then
o =—1and (fy,f,) = (0,1). Thecanonical form of the

equationis
" 3 ! 3 5 / 3 9
Y = Wy = 2P =2y = PP Y
— ;11y6+A7(y2)/+y4)+A11y37 (2102)

where A7, A1 are arbitrary locally analytic functions
of z

When (c1,¢2) = (3—2/n,—2+2/n), and n=1
the solutions of the Diophantine equation (2.79) are
(p1, P2, P3) = (3,24,-8), (3,132, —11), (5,16,—80),
(5,19,-380), (6,10,—60), (7,8,—56), (4,—N,N),
N € Z.. Only for (3,24,—8) and (4,—N,N) there are
distinct Fuchsindicesfor all branches. Theindicesand
the smplified equations for these cases are as follows:

For (pa, p2, p3) = (3,24, -8):
2
Yo1 = _a_]_ . (rll7r12) = (13 3)7
4
Yoo = —: (r21,r22) = (4,6),
a
Yoo =~ (faurz) = (-2.4), (210320

v =Ly Gaay - gai).

Thiscasewas consideredin[12]. After adding the non-
dominant terms, if As = 0, then § = —1 and the Fuchs
indices are (f1,f2) = (0,2). The transformation (2.5)
and the compatibility conditions at (r11,r12) = (1,3),
(ro1,r22) = (4,6) and at ', = 2imply that Am =0, m=
1,2....6and

AW - AZAL 4 (A — k) (AL + 2kg) =0,
A=A +ki, Ag=ki, Ap=—A;

where k; is a constant. It should be noted that the
equation for A7 is the autonomous part of the second
member of the first Painlevé hierarchy [6,8]. From
(2.104) we have the following two cases: If k; = 0 and
A; = —12/7% then

(2.104)

W' =YY 2P VY Y ey ey

(2.105)
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If A7 = koz+ka, ki = constant, i = 2, 3, then the canon-
ical form of the equationis

W =YY - Y +yY +y
+ (koz+ ka)y° + ka(2y +V?).  (2.106)
For (p1, P2, p3) = (4,—N,N): p; = 4, implies that

(r11,r12) = (1,4) and hence a;yp; = —1. By using the
system (2.80), one finds yop and yoz in terms of a; and
N. So, the Fuchsindicesry andrs;, i = 1,2, satisfy the
equations

44+ N
rgi—TJr rs+N=0,
, 44N (2.107)
r3i—T rsi—N=0,
respectively, and the simplified equationis
! N —144
y/// yy + alyy// 16 N2 al(y)Z
512 256_ (2.108)
_ 2 3
612 VY g A NA 4

The compatibility condition at ry» = 4 is not satis-
fiedidentically unlessN = 12. Then, (2.107) givesthat
(ra1,r22) = (3,4) and (ra1,rsz) = (—2,6), respectively.
Thus we have the simplified equation [12]

!
y" = ﬂ +ay(yy’ 4 dary?y —2a3y*). (2.109)
For this case, the canonical form of the equation is
o=-1, (Fl,Fz) = (072) and
W =YY =YY AR + 2y

+ (2kz+ k) Y2 + ke (Y +YP),

whereky, ko are constants.

When (c1, ¢2) = (3,—2), the solutions of the Dio-
phantine equation (2.79) do not lead to any distinct
Fuchsindices.

(2.110)

3. Leading Order ox = -2

o = —2isaso apossible leading order of the equa-
tion (1.4). By adding the term yy’, the following sim-
plified equation with the leading order oz = —2, is ob-
tained

y/// yy/ (Y)

+ C2y— + ayy/ (31)

175

where a is constant and ¢;, ¢, are given by (1.12),
(1.15) and (1.16).

Substituting y = yo(z— 2) "2 + B(z— 2)" 2 into
(3.2) gives the following equations for the Fuchs in-
dicesr and yp, respectively:

Q(r) = (r+1)[r?

ayp = 12— 6¢; — 4c;. (3.2.ab)

(3.2.b) implies that there is only one branch. In order
to have a principa branch, the indicesrq and ry (ex-
cept ro = —1) should bedistinct positiveintegers. Then
(3.2.@) impliesthat 2c; and 4(3cy + 2c;) should be
integers.

To find the canonical forms of the equations, one
should consider the following equationsfor ¢, = 0 and
Cp # 0, respectively:

W' =cyy +ay?y + Ay + Aoy )+ Agy® + Asyy

+ Asy' + Acy? + Ay + Agy + Ao, (33)
YY" =ciyyy' + oY)+ ay’y + Ay’ + Ay(y)?
+ Ay + Ay + Asyy’ + As(Y)? + Ary?
+ Agyy +Agy” + Aroy® + Ay
+ Ay +Ags, (3.4)

where the Ay are locally analytic functions of z. The
coefficients Ax can be found by using the procedure
described in the previous section.

When (c1, ¢2) = (3, -2+ %), the Fuchs indices
satisfy r1 +r, = 4 and rqrp = 41— (4/n?)]. Hence,
n=+1+2 44, but n = +1 does not lead a princi-
pal branch. Therefore we have the following cases:
For n= +2, the Fuchsindices, simplified equation and
the canonical form of the equation are

+2(c1—5)r+24—12c; — 802} =0,

Yo = arbitrary : (ry,r2) = (0, 4),
yroaly 307 9
y 2y’
1" '3 1
)/ = 3% 5 (yy—z) + = ¥ [(k12—|— k3))/ +ko], (3.6)

respectively, where ki, i = 1,2, 3 are constants.
For n= +4:

=3 (nr)=(13),
: (3.7.ab)
=Y B oy,
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Integration of (3.7.b) onceyields

V= ET) a’+ k2, ki =constant, (3.8)
wherev? =y. If welet a= 3/2, then (3.8) isof Painlevée
type[14]. For this case, the canonical form of the equa-

tionis

v vy 15(Y)° y
y —3y 8 y2 + W+k1y (3.9)
ki, = constant.
Integration of (3.9) yields
,_1(\/) 2kl ke
Vv 5o + 3 V+2v2, (3.10)

where v2 =y and k; is an integration constant. (3.10)
is solvable by means of the elliptic functions[14].

When (c1,¢2) = (3—1/n, —2+1/n+1/n?), 2¢; is
aninteger if n=+1, +2. n= —1 does hot lead a prin-
cipal branch. So, when n = —2, we have the following
simplified equation

Yo = arbitrary : (ry,r2) = (0,3),
y// zyl_y” _ 9 ()/)3 (3'11)
2y 4y’
and the canonical form of the equation
p_TYY 9P, Y
y" = 2y 1y + k= v (3.12)
wherek; isaconstant. (3.12) yields
u 2
u”:i( ) +% U + ko, ko = constant (3.13)

after letting y = 1/u and integrating once. (3.13) is of
Painlevétype [14]. When n = 1, we have

Yo = arbitrary : (ry,r2) = (0, 6),
yr - Y (3.14)
y
The canonical form of the equations are as follows:
!
y" = ﬂ +k1, ki = constant (3.15)
W’ y
"=27"+ (ko — 2kp2) = + kq,

ki, ko = constant
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For n = 2, the simplified equationis

Yo= 2 (o) = (1,4),
, (3.17.a,b)
5 5
y" = Ey;/ . Z(iz) +ayy.

Integration of (3.17.b) onceyields
_ 50
)/ 4 y +5 y2+kl7

(3.18) is solvable by means of eliptic functions. The
canonical form of the equationis

ki = constant. (3.18)

n_5YY _5()°
V'=3 5 Ta g TR, (349
ky = constant.
Integration of (3.19) yields
2
\/’:§(V/—)+}v3—ﬁ +Q— (3.20)

2 Vv 2 2 2V’

where v? =y and k; is an integration constant. (3.20)
is solvable by means of eII|pt|c functions.

When (c1,¢) = (3— 32, -2+3/n—1/n?), 2¢; =
integer implies that n = il +2,4+£3,+6.1f n=1, -1
and n = +3,£6 then ¢, = ¢, = 0, there is no princi-
pal branch and there are no Fuchs indices respectively.
Therefore, we have the following cases: For n = —2
the simplified equation is

Yo = arbitrary : (ry,r2) = (0,1),
y = 9)/_)’” _ E ()/) (3.21)
2y 4y’
and the canonical form of the equation is
9yy’ 15(y)° y
"= = kY +k 22
y' = >y 4y+)/+2y (3.22)
where ki, i = 1,2 are constants. If welet y=1/uin
(3.22) and integrate once, then we have
3(U)?  k
u = 3 + 202 + kU + ks, (3.23)

T4 u 2

where k3 is an integration constant and (3.23) is of
Painlevétype[14]. For n = 2, thesimplified equationis

YOzgi (ri,r2) = (3,4), ( |
, 3.24ab
n_ 3 3
y" = E% 2 %2 +ayy.
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Letting a = 6 and integrating (3.24.b) onceyields

=3 v)?

ki, ki = t.
iy +3y? 4 ky, ky = constan

(3.25)

(3.25) isof Painlevétype[3, 14]. The canonical formis
! 3
g3 3WP e

+ (k12—|- k2)3/ + 2kyy,

wherek; = constant, i =1, 2.

When (¢, ¢2) = (3—2/n, —2+2/n), 2¢; isinteger
if n=41,+2 +4. When n= —1, thereis no principal
branch. So, we have the following three cases:

Forn= —4,

(3.26)

1
Yo= 71 (r,r2) =(1,2),
3.27.a,b
g T SR PR
2y 2y '
Setting a = 1in(3.27.b) and integrating once yields
2
V= V)" +V2+ kP, kg = constant, (3.28)

where V2 = y. (3.28) is of Painlevé type [14]. The
canonica formis

s _TYY' 5()° y
y" = 5y 2y +yy + ke v (3.29)
Integration of (3.29) onceyields
(V)P s ki ke
V' = . +v at 2v27 (3.30)
where v =y and ki, i = 1,2, are constants. (3.30) is

solvable by means of elliptic functions. For n= —2, we
have the following simplified equation and the canoni-
cal form of the equation:

Yo = arbitrary : (r1,r2) = (0,2),
1 3 331
y' = % ~ 3% + kl%, k; = constant.  (3.32)
respectively. Integrating (3.32) once gives
y' = % ey — = (3.33)
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where ks is an integration constant. For n= 1, the sim-
plified equationis

6

YO = 5 : (rlyrZ) = (276)7
)/ y' (3.34.ab)
y// + ayy/
y
Integration of (3.34.b) onceyields
y' = ay?+ kay, ki = constant. (3.35)

(3.35) is solvable by means of elliptic functions. If
A1 = A, = 0, the canonical form of the equationsis

>/”=y7y/+6y>/—( k222+kzz+k3)y+k1y

+ (1—12k%2+k2>,

wherek;, i = 1,2, 3, are constants. I ntegration of (3.36)
onceyields

(3.36)

y' = 6y?+ (kaz-+ ka)y +
k4 = constant.

1 2

If oneletsy =v— (kiz+kq)/12in (3.37), thenit yields
the first Painlevé equation. If A; = 1/2z, A, =0, then
the canonical form of thek equation is

w_ YY
y" = y +6yy + o ( 6y2)+—— (3.39)
_(639 L )X_(S?Sli_kz k1>
51207 0 °° 12802 2z 2/
For n= 2, the smplified equation is
4
Yo= 1 (rurz) = (2,4),
3.39.ab)
vy ) (
=222 2. 1a
Y y ¥ 44
Integration of (3.39.b) onceyields
2
y' = O/T)—gyz+k1, ki = constant.  (3.40)

(3.40) is of Painlevé type [14]. To obtain the canon-
ical forms we have two possibilities, depending on
the leading order &. If A;x # 0 and As = Ag =
Ag = Aj3 =0, then & = —1 and Ayi(z)u3 = 1,
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(Fj1,fj2) = (1,2), j = 1,2. The compatibility condi-
tionsat (ry,rz2) = (2,4) and at fi; givethat A} + A2 = 0.
Therefore, we have

YWY W) Y oYY )
y' = T—y—+4y>/+ky—+ky2——7
2
+ayy + = (3/’ 107 —4y2>
_k2>_2’+k1;/2+2"71y (3.41)

for A; = 0 and A; = 1/z, respectively, where ki, k>
are constants. & = —2 is also a leading order, and the
Fuchsindicesare (f1,f2) = (0, 2). The canonical egua-
tionis

V" = y’_y”_£+4w

y ¥
+ ke [y/ 2y2} tky (342
For n = 4, we have the following simplified equation
3
Yo= 73" (r,r2) =(2,3),
3.43.3,b
oSy SR el
2y 2y
Setting a = 3 and integrating (3.43.b) once yields
2
V' = (\/T) +V34ki, kp=constant,  (3.44)

wherev? = y. (3.44) is of Painlevetype[14]. If Ag #0,
then & = —2 and Ag(zp)up = 1, (f1,f2) = (1,2) and
the canonical formis

v _5Yy" 3()° Pafy_3)?
Ve W el 5y ]
y 4,
+A8§_§ ) (3.45)
where Ag satisfies
PeAg = %(Aé)z. (3.46)

If Ag = k; = constant, integration of (3.45) yields

2
v WT> e 2k1% ko, (3.47)
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where v2 =y and k» is an integration constant. (3.47)
is solvable by means of elliptic functions.

When (c1, ¢2) = (3, —2), this case does not lead to
any distinct Fuchsindices.

4. Leading Order oo =3

o = —3isaso apossibleleading order of equation
(1.4). By adding the term y?, the following simplified
equation with the leading order oo = —3, is obtained:

! 3
Yy =c ﬂ-ﬁ-CZ(yJ—Z) +ay?, (4.1)
y y
where a is constant and ¢y, ¢, are given by (1.12),
(1.15) and (1.16). In this case the Fuchs indices r and
Yo satisfy the equations

Q(r) = (r+1)[r?— (18— 3c1)r +60—36c; — 27¢5] =0,

ayp = —60+ 36¢; + 27¢y, (4.2a,b)

respectively. (4.2.b) implies that there is only one
branch. In order to have positive distinct Fuchsindices,
3c; and 36¢; + 27¢, both must beintegersfor al five
cases.

To find the canonical forms of the equations, one
should consider the following equationsfor c, = 0 and

C2 75 0
W =Yy +ayd + Ay’ + Ao(Y)? + Agyy

+ Ay’ + Asy’ + Acy + Ay + As, (4.3)
YY" =cyyy' +ca(Y)* +ayt + AyPy' + Agy(Y')?
+ Agy?Y + Ay + Asyy + As(Y )2+ Aryy

+ Agy’ + Agy” + Ay +Auy+A,  (4.4)

wherethe A arelocally analytic functionsof z. The co-
efficients A, can be found by using the same procedure
described in the previous sections.

When (cy, ¢2) = (3, —2+2/n?), n takes the val-
ues of +£1, +3. But n = £1 does not lead a principal
branch. For n = £3 we have the following simplified
equation and the canonical form of the equation

yo = arbitrary : (r1,r2) = (0,4),
oYY 16(y)° (4.5)
y" = 37 - 37;
y// — % _ %(yly—)—F(klZ—F k2))/—|—k2y, (4.6)

k1, ko = constant.
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When (cy, ¢2) = (3—1/n, —2+1/n+1/n?), ntakes
thevaluesof n=+1, +3. Thereisno principal branch
and there are no Fuchsindicesfor n= -1 and n= 1,
respectively. Hence we have the following cases: For
n = —3, the simplified equation and the canonical
equation are

Yo =arbitrary : (ry,r2) =(0,3),

g 10yy' 20y (.7
=3y ey
y" = % VTW - 2_5@ 4k, kg = constant.  (4.8)

respectively. For n = 3, the simplified equation and the
canonical equation are

Yo = —g: (r1,r2) = (2,3),
. 8YY 14(y)° (49)
y" = é% ~ 3—(3;2) +ay?.
g BYY 1P oo
3y 9 y?
Y’ 3kily, K2 (4.10)
+ k17—7)7 v) —klyl-f—z )

respectively, where k; = constant.

When (cy, ¢) = (3—3/n, —24-3/n—1/n?), ntakes
the values +1, +2, 9. But, we have the principal
branch only for n = —3, and the ssimplified equation
and the canonical equation are;

yo = arbitrary : (r1,r2) = (0,1),
oY BYP

T8 (4.11)
/ 3
y' -4 BT ay ey @1

respectively, where Az and A4 are arbitrary locally an-
aytic functions of z.

When (c1,¢2) = (3—2/n,—2+ 2/n), n takes the
values of +1,+2 +3. But, we have only the follow-
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ing simplified equation and the canonical form which
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kE y K
— 282 4 kyy+ (EH kz) T
respectively, where kq, ko are constants.
When (c1, ¢p) = (3, —2), this case does not lead any

distinct Fuchsindices.

" __ yl_y”
y" = y (4.14)

In conclusion, we obtained the canonical forms of
non-polynomial third order equations with the leading
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